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(determinant)

‘n’ ‘n’

(1704 – 1752)

(minor) (Cofactor)

(SARRUS)
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4.1 (ORDER)

a
1
 x + b

1
y = c

1

a
2
x + b

2
 y = c

2

x
b c b c

a b a b

2 1 1 2

1 2 2 1

y
a c a c

a b a b

1 2 2 2

1 2 2 1

a
1
b

2
 – a

2
b

1
 0

x  y a
1
b

2
 – a

2
b

1

a
1
b

2
 – a

2
b

1

a a

b b
a b a b

1 2

1 2

1 2 2 1

4.2 (Expansion of a Determinant

of  Order 2)

a a

a a

11 12

21 22

a
111

a
12

a
21

a
22

a a

a a

11 12

21 22

a
11

 a
22

,

–a
21

a
12

a
11

 a
22

 + (– a
21

a
12

)

(a
11

 a
22

 +(–a
21

 a
12

)) a
11

a
22

 – a
21

a
12
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4.1

(i)
6 4

8 2
(ii)

a b b

a a b

2

2
(iii)

x x x

x x x

2

2

1 1

1 1

(i)
6 4

8 2
6 2 8 4 12 32 20( ) ( )

(ii)
a b b

a a b

2

2
=(a + b) (a + b) – (2a) (2b)

= a2 + 2ab + b2 – 4ab

= a2+ b2– 2ab

= (a – b)2

(iii)
x x x

x x x

2

2

1 1

1 1
= (x2+ x + 1) (x – 1) – (x2–x + 1) (x + 1)

= (x3– 1) – (x3+ 1)

= –2

4.2 x

(i)
x x

x x

3

1 3
6 (ii)

2 1 2 1

1 4 2
0

x x

x x

(i)
x x

x x

3

1 3
(x – 3) (x +3) – x (x + 1)

= (x2–9) – x2 – x = –x – 9

–x – 9 = 6

 x = –15

(ii)
2 1 2 1

1 4 2

x x

x x
= (2x –1) (4x + 2) – (x + 1) (2x + 1)

= 8x2 + 4x – 4x – 2 – 2x2 – x – 2x – 1

= 6x2 – 3x – 3 = 3(2x2– x – 1)

3(2x2 – x – 1) = 0
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2x2 – x – 1 = 0

2x2– 2x + x – 1 = 0

2x (x –1) + 1 (x – 1) = 0

(2x + 1) (x – 1) = 0

x 1
1

2
,

4.3 (Determinant of Order 3)

a b c

a b c

a b c

1 1 1

2 2 2

3 3 3

a
1
, b

1
, c

1
, a

2
, b

2
, c

2
, a

3
, b

3
c

3
3

3

determinast of third order ) 3

32= 9

(a
ij
)

a a a

a a a

a a a

11 12 13

21 22 23

31 32 35

(2 3 ) |A|, |B|

= |a
ij
| i = 1, 2, 3 j = 1, 2, 3

4.4 (Determinant of a Square Matrix)

1 1

[a] a

a

A
a a

a a

11 12

21 22

a
11

a
22

 – a
21

a
12

2

| |A
a a

a a
a a a a

11 12

21 22

11 22 21 12
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3 3

a a a

a a a

a a a

11 12 13

21 22 23

31 32 33

a a a

a a a

a a a

11 12 13

21 22 23

31 32 33

a
a a

a a
a

a a

a a
a

a a

a a
11

22 23

32 33

12

21 23

31 33

13

21 22

31 32

1( )

4.3 A A
3 6

1 5
,| |

| |A
3 6

1 5
3 5 1 6 15 6 9

4.4 A
a b a

b a b
|A|

| |A
a b a

b a b
=(a + b) (a – b) – b  a = a2– b2– ab

1. I 1

2. (Singular)

4.5

4.4

a a a

a a a

a a a

a
a a

a a
a

a a

a a
a

a a

a a

11 12 13

21 22 23

31 32 33

11

22 23

32 33

12

21 23

31 33

13

21 22

31 32

1( )

a a a

a a a

a a a

11 12 13

21 22 23

31 32 33

a
111

(a
22

a
23

– a
32

a
23

) – a
12

(a
21

a
33

–a
31

a
23

) + a
13

 (a
21

a
32

–a
22

a
31

)

= a
11

a
22

a
33

+ a
12

a
23

a
31

+ a
13

a
21

a
32

– a
11

a
23

a
32

– a
12

a
21

a
33

–a
13

a
22

a
31



106

a
11

, a
12

a
13

+, – +

a
11

4.5

1 2 3

2 4 1

3 2 5

1 2 3

2 4 1

3 2 5

1
4 1

2 5
2

2 1

3 5
3

2 4

3 2

= 1  (20 – 2) – 2  (10 – 3) + 3 (4 – 12)

= 18 – 14 – 24

= –20

4.6

1 2 3

3 1 2

2 3 1

1 2 3

3 1 2

2 3 1

1 2
3 2

2 1
1

1 3

2 1
1 3

1 3

3 2
( ) ( )

= –2 (3 – 4) + 1 (1 – 6) –3 (2 – 9)

= 2 – 5 + 21

= 18
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4.1

1. |A|

(a) A
2 3 5

2 2 3

(b) A
cos sin

sin cos

(c) A
sin cos cos cos

cos cos sin sin

(d)
a bi c di

c di a bi

2.

(a)

5 5 1

5 1 1

10 7 1
 (b)

2 3 1

3 2 1

1 8 1
 (c)

2 3 0

3 0 1

0 2 1
(d)

1 2 3

3 1 2

4 1 5

3.

(a)

3 3 1

1 2 3

3 2 1
 (b)

2 1 5

0 3 0

4 2 1
 (c)

a b c

b d e

c e f
 (d)

x y z

1 2 1

2 3 2

4.6 (Minors and cofactors)

46.1 |A| a
ij

(Minor of a
ij
 in |A|)

|A| |A| i j

M
ij

3 2

5 7
3 7

4.7

| |A

a a a

a a a

a a a

11 12 13

21 22 23

31 32 33
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a
ij

M
ij

a
11

a
11

|A| a
11

M
11

M
a a

a a
11

22 23

32 33

= a
22

a
33

 – a
32

a
23

a
12

M
12

M
a a

a a
12

21 23

31 33

= a
21

a
33

– a
23

a
31

;

M
a a

a a
13

21 22

31 32

 = a
21

a
32

– a
31

a
22

;

M
a a

a a
a a a a21

12 13

32 33

12 33 32 33;

M
a a

a a
a a a a22

11 13

31 33

11 33 31 13

M
a a

a a
a a a a23

11 12

31 32

11 32 31 12

M
31

, M
32

M
33

4.6.2 |A| a
ij

a
ij

a
ij

(–1)i+j

C
ij

a
ij

= C
ij
= (–1)i+j  M

ij

4.8

| |A

a a a

a a a

a a a

11 12 13

21 22 23

31 32 33

a
11

, a
12

a
21

a
ij

(–1)i+jM
ij

C
11

 = (–1)1+1M
11

 = (–1)2 (a
22

a
33

–a
32

a
23

) = (a
22

a
33

 – a
32

a
23

)

C
12

 = (–1)1+2M
12

 = – M
12

 = (a
12

 a
33

– a
31

 a
23

) = (a
31

a
23

–a
21

a
33

)
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C
21

 = (–1)2+1M
21

 = –M
21

= (a
32

a
13

– a
12

a
33

)

4.9

| |A

1 6 3

5 2 4

7 0 8

a
21

 = 5; a
22

 = 2; a
23

 = 4

a
21

5
6 3

0 8
48 3 45

a
22

2
1 3

7 8
8 21 13

a
23

4
1 6

7 0
0 42= –42

C
21

 = (–1)2+1 M
21

 = –(48) = –48

C
22

 = (–1)2+2 M
22

 = +(–13) = –13

C
23

 = (–1)2+3M
23

 = – (–42) = 42

4.7 (Value of a Determinant using

cofactor)

| |A

a a a

a a a

a a a

a C a C a C

11 12 13

21 22 23

31 32 33

11 11 12 12 13 13

= a
21

C
21

+ a
22

C
22

 + a
23

C
23

= a
31

C
31

+ a
32

C
32

+ a
33

C
33

C
ij

a
ij

4.10

3 1 7

6 2 3

8 4 5
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 = a
11

C
11

 + a
12

C
12

 + a
13

C
13

C
11

, C
12

C
13

C M11

1 1

11

21 1
2 3

4 5
( ) ( ) = 10 + 12 = 22

C M12

1 2

12

31 1
6 3

8 5
( ) ( ) 1

6 3

8 5

= –(–30 + 24) = 6

C M13

1 3

13

41 1
6 2

8 4
( ) ( )

=  (–24 – 16) = –40

 = 3  22 + 1  6 + 7  (–40) = 66 + 6 – 280 = –208

a C a C a C11 11 21 21 31 31

C
11

= (–1)1+1 M
11

 = (–1)2
2 3

4 5
 = 10 + 12 = 22

C M21

2 1

21

31 1
1 7

4 5
5 28 23( ) ( ) ( )

C M31

3 1

31

41 1
1 7

2 3
3 14 17( ) ( ) ( )

= 3  22 + (–6)  23 + 8 (–17)

= 66 – 138 – 136 = –208

–208
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4.11

2 3

4 5

C
11

= 5 C
12

= –4

a
21

C
11

+ a
22

C
12

a
21

C
11

 + a
22

C
12

 = 4 5 + 5 (–4)

= 20 – 20 = 0

1 2 3

2 3 1

3 1 2

C21

2 11
2 3

1 2
1( )

C22

2 21
1 3

3 2
7( )

C23

2 31
1 2

3 1
1 6 5( ) ( )

a
11

C
21

 + a
12

C
22

 + a
13

C
23

= 1  (–1) + 2  (–7) + 3  (5)

= –1–14 + 15 = 0

4.8 (Sarrus  Diagram)
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a a a

a a a

a a a

11 12 13

21 22 23

31 32 33

a a a a a

a a a a a

a a a a a

11 12 13 11 12

21 22 23 21 22

31 32 33 31 32

a
11

 a
22

 a
33

 + a
12

a
33

a
31

+ a
13

a
21

a
32

 – a
31

 a
22

 a
13

 – a
32

 a
23

 a
11

 – a
33

 a
21

 a
12

= a
11

(a
22

a
33

 – a
32

a
23

) – a
12

 (a
21

a
33

 – a
23

a
31

) + a
13

 (a
21

a
32

 – a
31

a
22

)

a
a a

a a
a

a a

a a
a

a a

a a
11

22 23

32 33

12

21 23

31 33

13

21 22

31 32

4.12

1 1 3

7 5 0

3 2 4

1 2 3 1 2

7 5 0 7 5

3 2 4 3 2

= (–1)(5) (–4) + 2  0  3 + 3  7 (–2) – 3  5  3 – (–2) 0(–1) – (–4) 7 2

= 20 + 0 – 42 – 45 – 0 + 56

= –11
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4.2

1.

1 2 3

4 3 6

2 7 9

2.

2 3 2

1 2 1

3 1 2

3.

(a)

2 1 0

1 0 2

3 4 3
(b)

1 0 1

0 1 1

1 1 0
(c)

3 4 5

6 2 3

8 1 7

(d)

1

1

1

a bc

b ca

c ab
(e)

b c a a

b c a b

c c a b
(f)

1

1

1

a b c

b c a

c a b

4.

(a)

2 1 3

1 1 2

2 2 4
(b)

0 2 7

1 2 5

1 2 1
(c)

1

1

1

a b

a c

b c

5.

a h g

h b f

g f c
= abc + 2fgh – af – bg2– ch2
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6. x

(a)

x 0 0

1 2 3

1 0 2

0 (b)

x

x

3 3

3 3

2 3 3

0 (c)

x x2 1

0 2 1

3 2 4

28

4.9 (Properties of Determinants)

1

2 1 3

0 3 0

4 2 1

2
3 0

2 1
0

1 3

2 1
4

1 3

3 0

= 2 (3– 0) – 0 (1 – 6) + 4 (0 + 9)

= 6 + 36 = 42

2 0 4

1 3 2

3 0 1

( ) ( ) ( )0
1 2

3 1
3

2 4

3 1
1 0

2 4

1 2

= 0 + (–3) (–2–12) + 0

= 42

=

– 2 :
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2 3 1

1 2 3

3 1 2

2
2 3

1 2
3

1 3

3 2
1

1 2

3 1

= 2(4 – 3) – 3 (2 – 9) + 1 (1 – 6)

= 2 + 21 – 5 = 18

C
1

C
2

3 2 1

2 1 3

1 3 2

1 3
1 3

3 2
2

2 3

1 2
1

2 1

1 3

= 3(2 – 9) – 2 (4 – 3) +1 (6 – 1)

= –21 – 2 + 5 = –18

1

n

 = (–1)n

2 3 5

1 5 6

0 4 2

1

1 5 6

0 4 2

2 3 5

2( )

= 2(10 – 24) – 3 (2 – 0) + 5(4)

= –28 – 6 + 20 = –14

– 3 :
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a a c

a a c

a a c

1 1 1

2 2 2

3 3 3

(C
1

C
2
) C

1
C

2

a a c

a a c

a a c

1 1 1

2 2 2

3 3 3

2

 = –

 = –

2  = 0  = 0

4 k k

0, k

2 1 5

0 3 0

4 2 1

= 2(3 – 0) –1 (0 + 0) + (–5) (0 + 12)

= 6 – 60 = –54

3 4

2 1 20

0 3 0

4 2 4

= 2 (12 – 0) – 1(0 – 0) + (–20) (0 +12)

= 24 – 240 = –216 = 4 (–54)

= 4
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a b ka

a b ka

a b ka

1 1 1

2 2 2

3 3 3

3

-4 k

a b a

a b a

a b a

1 1 1

2 2 2

3 3 3

= k  0 = 0 -3

5

a b c

a b c

a b c

1 1 1

2 2 2

3 3 3

= (a
1
 + ) (b

2
c

3
 – b

3
c

2
) – (b

1
 + ) (a

2
c

3
 – a

3
c

2
)

= a
1
(b

2
c

3
 – b

3
c

2
) – b

1
(a

2
c

3
– a

3
c

2
) + c

1
(a

2
b

3
 – a

3
b

2
)

+  (b
2
c

3
 – b

3
c

2
) – (a

2
c

3
– a

3
c

2
) +  (a

2
b

3
– a

3
b

2
)

a b c

a b c

a b c

a b c

a b c

1 1 1

2 2 2

3 3 3

2 2 2

3 3 3
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6

k

a b c

a b c

a b c

1 1 1

2 2 2

3 3 3

R
1

R
3

k R
1

R
1
+ kR

3

a ka b kb c kc

a b c

a b c

1 3 1 3 1 3

2 2 2

3 3 3

a b c

a b c

a b c

ka kb kc

a b c

a b c

1 1 1

2 2 2

3 3 3

3 3 3

2 2 2

3 3 3

a b c

a b c

a b c

k

a b c

a b c

a b c

1 1 1

2 2 2

3 3 3

3 3 3

2 2 2

3 3 3

= + k  0 1 3

=

4.10 (Evaluation of a

Determinant using properties)

R
1
, R

2
R

3

C
1
, C

2
C

3
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4.13

1

1

1

0

2

2

2

w w

w w

w w

w

1

1

1

2

2

2

w w

w w

w w

C
1

C
1
 + (C

2
 + C

3
)

1

1 1

1 1

0

0 1

0 1

0

2 2

2 2

2

2

2

w w w w

w w w

w w w

w w

w

w

C
1

w

1 + w + w2 = 0

4.14

1

1

1

a bc

b ca

c ab

a b b c c a( )( )( )

1

1

1

a bc

b ca

c ab

0

0

1

1 1 3

2 2 3

a c bc ab

b c ca ab

c ab

R R R

R R R

[

]

0

0

1

0 1

0 1

1

a c b c a

b c a c b

c ab

a c b c

b

a

c ab

( )

( ) ( )( )
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C
1

( )( )a c b c
b

a

1

1

= (a – c) (b – c) (b – a)

= (a – b) (b – c) (c – a)

4.15

b c a a

b c a b

c c a b

abc4

b c a a

b c a b

c c a b

0 2 2

1 1 2 3

c b

b c a b

c c a b

R R R R[ ( )]

R
1

0 2 2
c a b

c a b
c

b b

c a b
b

b c a

c c
( )

= 2c [b (a + b) – bc] – 2b [bc – c (c + a)]

= 2bc [a + b – c] – 2bc [b – c – a]

= 2bc [(a + b – c) – (b – c – a)]

= 2bc [a + b – c – b + c + a] = 4abc

4.16

a b b c c a

b c c a a b

c a a b b c
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a b b c c a

b c c a a b

c a a b b c

0

0

0

1 1 2 3

b c c a

c a a b

a b b c

C C C C[ ]

= 0 C
1

4.17

1

1

1

0

bc a b c

ca b c c

ab c a b

( )

( )

( )

1

1

1

bc a b c

ca b c a

ab c a b

( )

( )

( )

1

1

1

3 2 3

bc bc ab ac

ca ca bc ba

ab ab ca cb

C C C[ ]

( )ab bc ca

bc

ca

ab

1 1

1 1

1 1

= (ab + bc + ca)  0 3

= 0

4.18

a ab ac

ab b bc

ac bc c

a b c

2

2

2

2 2 24
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a ab ac

ab b bc

ac bc c

2

2

2

abc

a b c

a b c

a b c

abc

a b c

c

b

R R R

R R R
0 0 2

0 2 0

2 2 1

3 3 1

abc a
c

b
( )

0 2

2 0
C

1

= abc (–a) (–4bc)

= 4a2b2c2

4.19

1 1 1

1 1 1

1 1 1

32

a

a

a

a a( )

1 1 1

1 1 1

1 1 1

a

a

a

a

a a

a a

C C C C

3 1 1

3 1 1

3 1 1

1 1 2 3[ ]
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( )a a

a

3

1 1 1

1 1 1

1 1 1

( )a a

a

C C C

C C C
3

1 0 0

1 0

1 0

2 2 1

3 3 1

( ) ( )a
a

a
3 1

0

0

= (a + 3) (a2)

= a2(a + 3)

4.3

1.

x x x

x x x

x x x

x

3

3

3

27 1( )

2.

a b c a a

b b c a b

c c c a b

a b c

2 2

2 2

2 2

3( )

3.

1 1 1

1 1 1

1 1 1

a

b

c

bc ca ab abc

4.

a a b a b

a b a a b

a b a b a

b a b

2

2

2

9 2 ( )
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5.

( )( )

( )( )

( )( )

a a a

a a a

a a a

1 2 2 1

2 3 3 1

3 4 4 1

2

6.

a b b c c a

b c c a a b

c a a b b c

a b c

b c a

c a b

2

7.

(a)

a a b a b c

a a b a b c

a a b a b c

2 3 2 4 3 2

3 6 3 10 6 3
(b)

( )

( )

( )

b c a a

b c a b

c c a b

2 2 2

2 2 2

2 2 2

8. x

3 8 3

3 3 8 3

3 3 3 8

0

x x

x

x

4.11 (Solution

of a system of linear equations by Cramer’s Rule)

a
l
x + b

1
y = c

1

a
2
x + b

2
y = c

2

x y

c
1

c
2

(Homogeneous system) (Non-

homogeneous) x =

y = 0

a b

a b

1 1

2 2

0 (trival)
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x = y = 0 D
a b

a b

1 1

2 2

0

(non-homogeneous)

4.11.1

2x + 3y – 5 = 0  ... (i)

3x + 5y – 7 = 0  ... (ii)

y

3(2x + 3y – 5) = 0

2(3x + 5y – 7) = 0

3(2x) + 3(3y) = 3 (5)  ... (iii)

2(3x) + 2(5y) = 2 (7)  ... (iv)

(iii) (iv)

{2(5) – 3(3)} y = 2(7) – 3(5)

2 3

3 5

2 5

3 7
y

y

2 5

3 7

2 3

3 5

...(A)

x

x y x

(i) (ii)



126

5 (2x + 3y – 5) = 0

3 (3x + 5y – 7) = 0

5 2 5 3 5 5 0

3 3 3 5 3 7 0

( ) ( ) ( ) ...( )

( ( ) ( ) ...( )

x y v

x y vi

(v) (vi)

{5(2) – 3(3)}x = {5(5) – 3(7)}

2 3

3 5

5 3

7 5
x

x

5 3

7 5

2 3

3 5

...(B)

x y

x x y

x
D

D

5 3

7 5

2 3

3 5

1

y
D

D

2 5

3 7

2 3

3 5

2

x + y = 3 ... (i)
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2x – 3y = 1 ... (ii)

(i) (ii) x

–3(x + y) = –3 (3)

1(2x – 3y) = 1

3 3 3 3

1 2 1 3 1 1

( ) ( ) ( ) ....( )

( ) ( ) ( ) ...( )

x y iii

x y iv

(iii) (iv)

–3 (x) – 1 (2x) = –3 (3) – 1(1)

 {–3(1) –1 (2)} x = –3(3) – 1(1)

1 1

2 3

3 1

1 3
x

x
D

D

3 1

1 3

1 1

2 3

1

D
1

y

D x y

y (i) (ii) y

2(x) + 2(y) = 2(3) ...(v)

1 (2x) + 1 (–3y) = 1 (1) ... (vi)

(vi) (v)

{1(–3) –2(1)} y = (1) – 2(3)

1 1

2 3

1 3

2 1
y

y
D

D

1 3

2 1

1 1

2 3

2



128

 D x y y

D
2

x

3 1

1 3

1 1

2 3

y

1 3

2 1

1 1

2 3

a
1
x + b

1
y = c

1
a

2
x + b

2
y = c

2

x

c b

c b

a b

a b

D

D

1 1

2 2

1 1

2 2

1

y

a c

a c

a b

a b

D

D

1 1

2 2

1 1

2 2

2

D
a b

a b

1 1

2 2

0

4.11.2

x + 2y + 3z = 4

2x + y + z = 1 ... (C)

3x + 3y + 5z = 3

D

1 2 3

2 1 1

3 3 5

D , x, y z
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xD

x

x

x

2 3

2 1 1

3 3 5

y z

xD

x y z

x y z

x y z

2 3 2 3

2 1 1

3 3 5 3 5

(C)

xD D

4 2 3

1 1 1

3 3 5

1

xD D x
D

D
1

1

D2

1 4 3

2 1 1

3 3 5

D3

1 2 4

2 1 1

3 3 3

yD = D
2

zD = D
3

x
D

D
y

D

D
Z

D

D

1 2 3, ,

D  0

a
1
x + b

1
y + c

1
z = d

1

a
2
x + b

2
y + c

2
z = d

2

a
3
x + b

3
y + c

3
z = d

3
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x

d b c

d b c

d b c

a b c

a b c

a b c

D

D

1 1 1

2 2 2

3 3 3

1 1 1

2 2 2

3 3 3

1

y

a d c

a d c

a d c

a b c

a b c

a b c

D

D

1 1 1

2 2 2

3 3 3

1 1 1

2 2 2

3 3 3

2

z

a b d

a b d

a b d

a b c

a b c

a b c

D

D

1 1 1

2 2 2

3 3 3

1 1 1

2 2 2

3 3 3

3

D

a b c

a b c

a b c

1 1 1

2 2 2

3 3 3

0

‘n’ n

(1704 –

1752)

D = 0,

4.20

2x + 3y = 5

3x + 5y = 7
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D
a b

a b

1 1

2 2

2 3

3 5
10 9 1

D
c b

c b
1

1 1

2 2

5 3

7 5
25 21 4

D
a c

a c
2

1 1

2 2

2 5

3 7
14 15 1

x
D

D

1 4

1
4

y
D

D

2 1

1
1

x = 4, y = –1

4.21

2x + y – 3z = 3

x + 2y + z = 5

3x – 5y + 2z = 1

D

2 1 3

1 2 1

3 5 2
= 2 (4 + 5) – 1 (2 – 3) – 3 (–5–6)

= 18 + 1 + 33 = 52  0

D
1

D1

3 1 3

5 2 1

1 5 2
= 3 (4 + 5) – 1 (10 – 1) –3 (–25 – 2)= 27 – 9 + 81= 99

D
2

D2

2 3 3

1 5 1

3 1 2
= 2 (10 – 1) –3 (2 – 3) –3(1 – 15)= 18 + 3+ 42= 63
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D
3

D3

2 1 3

1 2 5

3 5 1
= 2 (2 + 25) –1 (1 – 15) + 3(–5 – 6)= 35

x
D

D

1 99

52

y
D

D

2 63

52

z
D

D

3 35

52

4.12 (Condition for

a system of linear equations to have unique solution)

2x + 3y = 4

x – 2y = 3

D
2 3

1 2
4 3 7 0

D1

4 3

3 2
8 9 17

D2

2 4

1 3
6 4 2

x
D

D

1 17

7

17

7

y
D

D

2 2

7

2

7

D  0  D
1

 0, D
2

 0

x
17

7
y

2

7
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x + 2y = 0

–2x + 3y = 0

D
1 2

2 3
3 4 7 0

D1

0 2

0 3
0 0 0

D2

1 0

2 0
0 0 0

x
D

D

1 0

7
0

y
D

D

2 0

7
0

 D  0, D
1
= D

2
= 0 (trivial)

x = y = 0

D  0

(i)

(ii)

2x + 4y = 5

x + 2y = 3

D
2 4

1 2
4 4 0

 D = 0

D1

5 4

3 2
10 12 2

D2

2 5

1 3
6 5 1
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D  0 D
1

 0, D
2

 0,

x + y + z = 2

x + 2y + 3z = 3 ... (i)

x + 3y + 5z = 5

D

1 1 1

1 2 3

1 3 5

= 1 (10 – 9) – 1 (5 – 3) + 1 (3 – 2)

= 1 – 2 + 1 = 0

xD

x

x

x

1 1

2 3

3 5

y 3 z 1

xD

x y z

x y z

x y z

D

1 1

2 3 2 3

3 5 3 5

2 1 1

3 2 3

5 3 5

1 [(1) ]

D
1
= 2 (10 – 9) – 1 (15 – 15) + 1 (9 – 10)= 2 – 0 – 1= 1

xD = D
1
,  xD = 1

x
D

1 1

0

yD = D
2

zD = D
3

D2

1 2 1

1 3 3

1 5 5

= 1(15 – 15) – 2 (5 – 3) + 1(5 – 3)= 0 – 4 + 2 = –2

D3

1 1 2

1 2 3

1 3 5

= 1 (10 – 9) – 1 (5 – 3) + 2 (3 – 2)= 1 – 2 + 2 = 1
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yD = D
2

 y
D

D
y2 2

0

zD = D
3

z
D

D
z3 1

0

D = 0 D
1

 0, D
2

 0 D
3

 0,

x – y + 3z = 6

x + 3y – 3z = –4

5x + 3y + 3z = 10

D

1 1 3

1 3 3

5 3 3

= 1 (9 +9) + 1 (3+ 15) + 3 (3 – 15)

= 18 + 18 – 36 = 0

D1

6 1 3

4 3 3

10 3 3
 = 6 (9 + 9) + 1 (–12 + 30) + 3 (–12 – 30)

= 108 + 18 – 126 = 0

D2

1 6 3

1 4 3

5 10 3
 = 1 (–12 + 30) – 6 (3 + 15) + 3 (10 + 20)

= 18 – 108 + 90 = 0

D3

1 1 6

1 3 4

5 3 10
 = 1 (30 + 12) + 1 (10 + 20) + 6 (3 – 15)= 42 + 30 – 72 = 0

D = 0  D
1
= D

2
= D

3
= 0

x – y + 3z = 6

x + 3y – 3z = –4
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x – y = 6 – 3z

x + 3y = – 4 + 3z

x

z

z z z

6 3 1

4 3 3

1 1

1 3

3 6 3 1 4 3

3 1

( ) ( )

18 9 4 3

4

14 6

4

z z z

x
z7 3

2

y

z

z z z

1 6 3

1 4 3

1 1

1 3

1 4 3 1 6 3

3 1

( ) ( )

4 3 6 3

4

10 6

4

z z z

y
z5 3

2

z =  k, k

x
k

y
k7 3

2

5 3

2
, z = k

(D
i
= 1, 2, 3 ... n)

(i) D  0, D
1
, D

2
, D

3
 ... D

n

(ii) D  0 D
i
= 0,

x
1
= x

2
= ... = x

n
 = 0

(iii) D = 0 D
i

 0,

(iv) D = 0 D
i
 = 0,
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4.22

x + y + z = 2

2x + 7y – 3z = 5

3x + 5y – z = 4

D

1 1 1

2 7 3

3 5 1
= 1 (–7 + 15) – 1 (–2 + 9) + 1 (10 – 21) = 8 – 7 – 11 = –10  0

D1

2 1 1

5 7 3

4 5 1

= 2 (–7 + 15) –1 (–5 + 12) + (25 – 28)= 16 – 7 – 3 = 6

D2

1 2 1

2 5 3

3 4 1

 = 1 (–5 + 12) –2 (–2 + 9) + 1 (8 – 15)= 7 – 14 – 7 = –14

D3

1 1 2

2 7 5

3 5 4
 = 1(28 – 25) –1 (8 – 15) + 2 (10 – 21)= 3 + 7 – 22 = –12

 D  0 D
1

 0, D
2

 0, D
3

 0,

x
D

D

1 6

10

3

5

y
D

D

2 14

10

7

5

z
D

D

3 12

10

6

5
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4.23

(i) 2x – 3y + 4z = –9 (ii) x + 2y – z = 0

–3x + 4y + 2z = –12 2x + y + 2z = 0

4x – 2y – 3z = –3 x – 3y + z = 0

(iii) x + 2y + z = 2 (iv) x + 2y + 3z = 1

2x + y + 2z = 3 3x – y + 2z = 1

x – 3y + z = 4 4x + y + 5z = 2

(i) 2x – 3y + 4z = –9

–3x + 4y + 2z = –12

4x – 2y – 3z = –3

D

2 3 4

3 4 2

4 2 3
= 2 (–12 + 4) + 3 (9 – 8) + 4 (6 – 16)= –16 + 3 – 40 = –53 0

D1

9 3 4

12 4 2

3 2 3

= –9 (–12 + 4) + 3 (36 + 6) + 4 (24 + 12)

= 72 + 126 + 144 = 342

D2

2 9 4

3 12 2

4 3 2
 = 2 (36 + 6) + 9 (9 – 8) + 4 (9 + 48)= 84 + 9 + 228 = 321

D3

2 3 9

3 4 12

4 2 3
= 2 (–12 – 24) + 3 (9 + 48) –9 (6 – 16)

= –72 + 171 + 90 = 189

 D  0 D
1

 0, D
2

 0, D
3

 0
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x
D

D

1 342

53

342

53

y
D

D

2 321

53

321

53

z
D

D

3 189

53

189

53

(ii) x + 2y – z = 0

2x + y + 2z = 0

x – 3y + z =0

D

1 2 1

2 1 2

1 3 1
= 1 (1 + 6) – 2 (2 – 2) – 1 (–6 – 1)

= 7 + 7 = 14  0

D1

0 2 1

0 1 2

0 3 1

0

D2

1 0 1

2 0 2

1 0 1

0

D3

1 2 0

2 1 0

1 3 0

0

D  0, D
1
= D

2
= D

3
= 0

x = 0 , y = 0, z = 0
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(iii) x + 2y + z = 2

2x + y + 2z = 3

x – 3y + z = 4

D

1 2 1

2 1 2

1 3 1

0

D1

2 2 1

3 1 2

4 3 1

2 1 6 2 3 8 1 9 4( ) ( ) ( )

= 14 + 10 – 13 = 11

D C C2 1 3

1 2 1

2 3 1

1 4 1

0 ( )

D3

1 2 2

2 1 3

1 3 4

1 4 9 2 8 3 2 6 1( ) ( ) ( )

= 13 – 10 – 14 = –11

D = 0 D
1

 0, D
2
= 0 D

3
 0

(iv) x + 2y + 3z = 1

3x – y + 2z = 1

4x + y + 5z = 2

D

1 2 3

3 1 2

4 1 5

= 1 (–5 – 2) –2 (15 – 8) + 3 (3 + 4)= –7 – 14 + 21 = 0

D1

1 2 3

1 1 2

2 1 5
 = 1 (–5 – 2) –2 (5 – 4) + 3 (1 + 2)= –7 – 2 + 9 = 0

D2

1 1 3

3 1 2

4 2 5

 = 1 (5 – 4) –1 (15 – 8) + 3 (6 – 4)= 1 – 7 + 6 = 0
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D3

1 2 1

3 1 1

4 1 2

= 1 (–2 – 1) – 2 (6 – 4) + 1 (3 + 4)

= –3 – 4 + 7 = 0

4.4

1.

(a) 2x – 4y = 3x (b) x + 2y = 1

3x + y = 5 x + 5y = 3

2.

(a) 2x + y + 3z = 1 (b) 2x – 3y + 2z = 1 (c) 3x – 4y + 5z = –6

x + 4y + 6z = 9 x + 3y – z = –2 x + y – 2z = –1

4x + 3y + 9z = 5 x – y + 3z = 3 2 x + 3y + z = 5

3.

(a) 3x + 2y = 4 (b) 6x – 3y = –1

2x + y = 3 2x + 2y = –3

(c) 2x + 3y + 4z = 8 (d) x + 3y – z = 4

3x + y – z = –2 3x – 2y + 5z = –4

4x – y – 5z = –9 5x – y – 4z = –9

4.

(a) x – 2y = 4

–3x + 5y = –7

(b) 2x – y + z = 0

x + y – 2z = 0

3x + 2y – z = 0

a
1
b

2
 – a

2
b

1

a b

a b

1 1

2 2

a
ij

a
ij

(–1)i+j



142

(Singular)

(+, –)

a
1
x + b

1
y + c

1
z = d

1

a
2
x + b

2
y + c

2
z = d

2

a
3
x + b

3
y + c

3
z = d

3

x
D

D
y

D

D

1 2, z
D

D

3

D

a b c

a b c

a b c

1 1 1

2 2 2

3 3 3

D

d b c

d b c

d b c

1

1 1 1

2 2 2

3 3 3

D

a d c

a d c

a d c

2

1 1 1

2 2 2

3 3 3

D

a b d

a b d

a b d

3

1 1 1

2 2 2

3 3 3

, D  0

a
1
x + b

1
y + c

1
z = d

1

a
2
x + b

2
y + c

2
z = d

2

a
3
x + b

3
y + c

3
z = d

3
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(a) D  0

(b) D = 0, D
1
, D

2
, D

3

(c) D = D
1
= D

2
= D

3
= 0

http://www.wikipedia.org

http://mathworld.wolfram.com

1.

1 2 3

3 4 2

2 3 1

2.

43 1 6

35 7 4

17 3 2

3.

2 1 2

1 2 3

3 1 4

4. x

0 1 0

2

1 3

0x x

x

5.

(a)

1

1

1

2

2

2

a a

b b

c c

b c c a a b( ) ( ) ( )
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(b)

1

1

1

2 2

2 2

2 2

x y x y

y z y z

z x z x

x y y z z x( ) ( ) ( )

6.

(a)

1 2 3

2 3 4

3 4 5

2 2 2

2 2 2

2 2 2
(b)

1

1

1

3 5

3 4

5 5

w w

w w

w w
 w 1

7.

(a) x – 2y = 3 (b) 2x – 3y = 3 (c) x + y = 2

2x + 3y = 4 3x + 2y = 11 4x – 3y = 3

8.

(a) 2x + y + 3z = 8 (b) x – 2y = 3 + z

3x + 2y + 3 = z 2x + z = y

x + 3z = 1 + 2y 3 – x =  2z – 3y

9.

(a) 2x – 6y + 1 = 0 (b) 2x – 3y = 5

x – 3y + 2 = 0 x – 2y = 6

(c) 2x + 3y + z = 1 (d) 3x + y + 2z = –1

4x – 6y + z = 3 x + 2y – z = 2

6x – 3y + 2z = 5 2x – y + 3z = 1
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4.1

1. (a) 11 (b) 1 (c) 0 (d) (a2 + b2) – (c2 + d2)

2. (a)  (d)

3. (a) 18 (b) –54 (c)  a d f + 2 b c e – ae2 – fb2 – de2 (d) x – 1

4.2

1. M
21

 = 39, C
21

 = –39

M
22

 = 3; C
22

 = 3

M
23

 = –11; C
23

 = 11

2. M
13

 = –5; C
13

 = –5

M
23

 = –7; C
23

 = 7

M
33

 = 1; C
33

 = 1

3. (a) 19 (b) 0 (c) –131

(d) (a – b) (b – c) (c – a)  (e) 4abc (f) 0

4. (a) 4 (b) 20 (c) a2 + b2 + c2 + 1

6. (a) x = 2 (b) x = 2, 3 (c) x 2
17

7
,

4.3

7. (a) a3 (b) 2abc (a + b + c)3

8. x
2

3

11

3

11

3
, ,

4.4

1. (a) x y
23

14

1

14
, (b) x = –1, y = 1

2. (a) x = –1, y = 2, z
1

3
(b) x

3

4
, y = 0, z

5

4

(c) x = –1, y = 2, z = 1

3. (a) x = 2, y = –1, (b) x y
11

8

8

9
,
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(c) x = 1, y = –2, z = 3 (d) x = –1, y z
24

13

7

13
,

4. (a)  x = –6, y = –5 (b)  x = 0, y = 0, z = 0

(c) x = 0, y = 3, z = 2

1. M
11

 = –2, M
12

 = –1, M
13

 = 1, M
21

 = –7, M
22

 = –5

M
23

 = –1, M
31

 = –8, M
32

 = –7, M
33

 = –2

C
11

 = –2, C
12

 = 1, C
13

 = 1, C
21

 = 7, C
22

 = –5,

C
23

 = 1, C
31

= –8, C
32

 = 7, C
33

 = –2

2. 0 3. –31 4. x =0, x =1

6. (a) –8 (b) 0

7. (a) x y
17

7

2

7
, (b) x = 3, y = 1 (c) x y

9

7

5

7
,

8. (a)  x = 2, y = 3, z = 3 (b) x
1

2
, y z

3

2

1

2
,

9. (b)


