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36

ùMûfK
Zêùc ^òùR ùLkò [ôaû Kò´û _òfûcûù^ ùLkê[ôaû `êUafþ, aûùÄUþafþ Kò´û ùUaêf ùU^òiþ ù\Lô[ôa ö

ềUafþ, aûùÄUþafþ, ùUaêfþ ùU ò̂iþ afþ MêWòKe RýûcòZòK @ûKéZòKê @ûùc ZòâcûZâòK RýûcòZòùe ""ùMûfK''
Kjò[ûC ö
~\ò @ûùc GK @¡ðaé� OAPB Kê Zûjûe aýûi AB e Pûeò_ûLùe
NìeûAaû, ùZùa Gjò Nì‰ð^ùe GK ùMûfK iéÁò ùja, ~ûjûe ùK¦â I
@¡ðaé�e ùK¦â @bò^Ü Gaõ ~ûjûe aýûiû¡ð @¡ðaé�e aýûiû¡ð ijòZ
icû^ ùja ö
ùZYê ùÆgþùe [ôaû GK bâûcýcûY aò¦ê, GK iÚòe aò¦ê Vûeê ^òŸòðÁ
\ìeZûùe [ûA _eòbâcY Kùf, bâûcýcûY aò¦êe i�ûe _[Kê ùMûfK
Kêjû~ûG ö iÚòe aò¦êKê ùMûfKe ùK¦ â Gaõ ^òŸòðÁ \ìeZûKê ùMûfKe
aýûiû¡ð Kêjû~ûG ö
ùMûUòG ùMûfK Gaõ GK aé� c¤ùe _û[ðKý ùjCQò, ùMûfK ZòâcûZâòK ùÆgþùe [ôaû GK @ûKéZò
ùjûA[ôaûùaùk aé� \ßòcûZâû aògòÁ icZkùe [ôaû GK PòZâ ö
Gjò @¤ûdùe @ûùc, ùK¦â Gaõ aýûiû¡ð cû¤cùe ùMûfKe icúKeY, PûùeûUò @Y-icZkúd aò¦êcû^u
cû¤cùe ùMûfKe icúKeY, aýûi cû¤cùe ùMûfKe icúKeY, ùMûfKe iûcZkòK ùQ\ Gaõ GK
\� aé� cû¤cùe ùMûfKe iû]ûeY icúKeY aòhdùe _Xòaû ö

CùŸgý
Gjò @¤ûd _Xò iûeòaû _ùe, Zêùc

 ùK¦â - aýûiû¡ð eì_ùe ùMûfKe icúKeY ^ò‰ðd Keò_ûeòa;
 iû]ûeY eì_ùe ùMûfKe icúKeY ^ò‰ðd Keò_ûeòa;
 PûùeûUò @Y-icZkúd aò¦ê cû]ýcùe ùMûfKe icúKeY ^ò‰ðd Keò_ûeòa;
 aýûi eì_ùe ùMûfKe icúKeY ^ò‰ðd Keò_ûeòa;
 ùMûfKe iûcZkòK ùQ\e icúKeY ^òù‰ðd Keò_ûeòaû Gaõ
 ùMûUòG \� aé� cû]ýcùe ùMûfKe iû]ûeY icúKeY ^ò‰ðd Keò_ûeòaû ö

PòZâ 36.1
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PòZâ 36.2

_âZýûgòZ _ìaðmû^
 \ßòcûZâòK iÚû^ûu RýûcòZò i´§úd mû^,
 ZòâcûZâòK RýûcòZò i´§úd mû^,
 GK icZke icúKeYe aòbò^Ü eì_,
 ùÆgþùe [ôaû iekùeLû ö

36.1 ùK¦â - aýûiû¡ð eì_ùe ùMûfKe icúKeY (Equation of a circle in
centre-radius form)

cù^ _Kû@ ù~ ùMûfK ùjCQò GK iÚòe aò¦êVûeê GK ̂ òŸðòÁ \ìeZûùe
[ôaû aò¦êcû^ue ùiUþ ö iÚòe aò¦êKê ùMûfKe ùK¦â Gaõ ̂ òŸðòÁ \ìeZûKê
ùMûfKe aýûiû¡ð Kêjû~ûG ö

cù^Ke P(x, y, z), C (x
1
, y

1
, z

1
) ùK¦â aògòÁ ùMûfK

C_ùe [ôaû ù~ùKøYiò GK aò¦ê ö
cù^Ke ùMûfKe aýûiû¡ð ‘r’ ö
CP2 = r2 ... (i)

\ìeZû iìZâ aýajûe Keò @ûùc (i) Kê ùfLô_ûeòaû

( ) ( ) ( )x x y y z z r     1
2

1
2

1
2 2 ... (A)

~ûjûKò ùMûfKe ùK¦â - aýûiû¡ð eì_ aògòÁ icúKeY
@^êiò¡û« : ~\ò cìkaò¦ê ùMûfKe ùK¦â jêG Gaõ aýûiû¡ð ‘r’ jêG, ùZùa ùMûfKe icúKeY ùjCQò

x2+y2+z2 = r2 ... (ii)

flýKe : icúKeY (A) ùjCQò Pkeûgò x, y Gaõ z i´kòZ GK \ßòNûZ icúKeY ö GVûùe
@ûùc flý Keò_ûeòaû ù~ :
(a) x2, y2 Gaõ z2 e ijM MêWòK icû^ (GVûùe _âùZýK 1 ijòZ icû^)
(b) xy, yz Gaõ zx [ôaû _\ ^ûjó ö

ùZYê Zêùc ù\Lô_ûeòa ù~, x, y Gaõ z i´kòZ GK iû]ûeY \ßòNûZ icúKeY GK ùMûfK
ùja ~\ò Gjû C_ùeûq \êAUò i�ðKê iò¡ Kùe ö

(c) ax2+ay2+az2+2lx+2my+2nz+d = 0 (a  0) ....(iii)

eì_ùe GK icúKeY ^ò@û~ûC ö
(iii) e Cbd _ûgßðKê ‘a’ \ßûeû bûM Kùf, @ûùc _ûAaû

x y z
a

x
m

a
y

n

a
z

d

a
2 2 2 2 2 2 0      

l
... (B)

(B) Kê ùfLô_ûeòaû, x2+y2+z2+2gx+2fy+2hz+c = 0 ...(iv)

ù~CñVò, g
a

f
m

a
h

n

a
  

l
, ,  Gaõ c

d

a

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PòZâ 36.3

icúKeY (iv) Kê ùfLô_ûeòaû
(x+g)2+(y+f)2+(z+h)2 = g2+f2+h2–c ... (v)

(v)Kê C_eòiÚ (A) ijòZ Zêk^û Kùf, ùMûfK (iv) e ùK¦â ùja (–g, –f, –h) Gaõ aýûiû¡ð

   g f h c2 2 2 ùja ö
icúKeY (iv) Kê @ûùc ùMûfKe iû]ûeY eì_ aògòÁ icúKeY ùaûfò Kjòaû ö
~\ò g2+f2+h2–c  0 jêG, ùZùa ùMûfKUò aûÉa ùja ö

(d) ù~ùZùaùk r = 0 ùja, ùMûfK GK aò¦ê-ùMûfK ùja ö
(e) ù~Cñ ùMûfKe ùK¦â, (iv) ùe [ôaû ùMûfKe ùK¦â ij @bò^Ü ùja, ZûKê ùMûfK (iv) ij

GK ùK÷¦òâK ùMûfK Kêjû~ûG ö (iv) ùe [ôaû ùMûfK ij GK ùK÷¦âòK ùMûfKe icúKeY
ùja

x2+y2+z2+2gx+2fy+2hz+k = 0

ù~CñVò ‘k’ GK ]îaK ~ûjûe cû^ @^ý i�ð \ßûeû ^ò‰ðd Keû~òa ö
36.1.1 ùMûfKe @«ù\ðg Gaõ ajòüù\ðg (Interior and exterior of a shape)
cù^Ke ùMûfKe ùK¦â ‘O’ Gaõ aýûiû¡ð ‘r’ ö GK aò¦ê P

1
, ùMûfKe @«ù\ðgùe ejòa ~\ò

OP
1

< r ö aò¦ê P
2
 ùMûfK C_eòiÚ ùja ~\ò OP

2
 = r Gaõ aò¦ê P

3
ùMûfKe ajòù\ðgùe ejòa ~\ò

OP
3

> r ö
C\ûjeY 36.1

ùMûfKe icúKeY ^ò‰ðd Ke ~ûjûe ùK¦â ùjCQò cìkaò¦ê
Gaõ aýûiû¡ð 4 ö

icû]û^ : ùMûfKe ^òù‰ðd icúKeY ùjCQò
(x–0)2+(y–0)2+(z–0)2 = 42

 x2+y2+z2 = 16

C\ûjeY 36.2

ùMûfKe icúKeY ^ò‰ðd Ke ~ûjûe ùK¦â (2, –3, 1) Gaõ aýûiû¡ð  7

icû]û^ : ùMûfKe ^òù‰ðd icúKeY ùjCQò
( ) [ ( )] ( ) ( )x y z      2 3 1 72 2 2 2

 (x–2)2+(y+3)2+(z–1)2 = 7

 x2–4x+4+y2+6y+9+z2–2z+1 – 7 = 0
 x2+y2+z2–4x+6y–2z+7 = 0

C\ûjeY 36.3

2x2+2y2+2z2–4x+8y–6z–19 = 0 GK ùMûfKe icúKeY ùjùf, Gjûe ùK¦â Gaõ
aýûiû¡ð ^ò‰ðd Ke ö

icû]û^ : ùMûfKe icúKeY ùjCQò
2x2+2y2+2z2–4x+8y–6z–19 = 0
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       x y z x y z2 2 2 2 4 3
19

2
0

 GVûùe g = –1, f = 2, h c   
3

2

19

2
,

ùK¦â = (–g, –f, –h) = (1, –2,
3

2
)

aýûiû¡ð    g f h c2 2 2     FHG
I
KJ ( ) ( )1 2

3

2

19

2
2 2

2

    1 4
9

4

19

2

67

2

C\ûjeY 36.4

(2, 3, 6) aò¦ê ù\A ~ûA[ôaû Gaõ cìkaò¦ê ùK¦â [ôaû ùMûfKe icúKeY ^ò‰ðd Ke ö
icû]û^ : ùMûfKe ùK¦â (0, 0, 0) Gaõ ùMûfK (2, 3, 6) aò¦ê ù\A ~ûAQò ö
 ùMûfKe aýûiû¡ð = (0, 0, 0) aò¦ê Gaõ (2, 3, 6) aò¦ê c¤a�ðú \ìeZû

     ( ) ( ) ( )2 0 3 0 6 02 2 2

  4 9 36

 49 7

 ùMûfKe ^òù‰ðd icúKeY ùjCQò
(x–0)2+(y–0)2+(z–0)2 = 72

 x2+y2+z2 = 49

C\ûjeY 36.5

x2+y2+z2–2x+4y–6z–2 = 0 ùMûfK ùlZâùe (2, 3, 4) aò¦êUò ùMûfKe @«üiÚ Kò´û
ajòüiÚ aò¦ê ùja ^ò‰ðd Ke ö

icû]û^ : ùMûfKe icúKeY ùjCQò
x2+y2+z2–2x+4y–6z–2 =  0
GVûùe, g = –1, f = 2, h = –3 Gaõ c = –2
 ùMûfKe ùK¦â = (1, –2, 3)

aýûiû¡ð     1 4 9 2 4

ùMûfKe ùK¦â (1, –2, 3) Vûeê (2, 3, 4) aò¦êe \ìeZû

     ( ) ( ) ( )2 1 3 2 4 32 2 2

   1 25 1 3 3

ù~ùjZê 3 3 4 , ùZYê (2, 3, 4) aò¦êUò ùMûfKe GK ajòüiÚ aò¦ê ö
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@ûi ̂ òùR ̂ òRKê _eLôaû36.1

1. ùMûfKe icúKeY ^ò‰ðd Ke ~ûjûe ùK¦â ùjCQò cìkaò¦ê Gaõ aýûiû¡ð 5 GKK ö
2. 3x2+3y2+3z2–3x+6y–9z–17 = 0 ùMûfKe ùK¦â Gaõ aýûiû¡ð ^ò‰ðd Ke ö
3. ùijò ùMûfKe icúKeY ^ò‰ðd Ke ~òG cìkaò¦ê ù\A ~ûG Gaõ

(i) ~ûjûe ùK¦â (3, –3, –1), (ii) ~ûjûe ùK¦â (2, –2, –1) ö
4. ùijò ùMûfKe icúKeY ^ò‰ðd Ke ~ûjûe ùK¦â (3, –3, –1) Gaõ ~òG (5, –2, 1)

aò¦ê ù\A ~ûG ö
5. ùMûfK x2+y2+z2–6x+8y–2z+1 = 0 ùlZâùe ^òcÜ aò¦êMêWòK ùMûfKe @«üiÚ, ajòüiÚ

Kò´û ùMûfK C_eòiÚ Zûjû ^ò‰ðd Ke ö
(i) (2, –3, 4) (ii) (–1, –4, –2) (iii) (–1, 2, 3)

36.2 PûùeûUò @Y-icZkúd aò¦ê ù\A ~ûA[ôaû ùMûfKe icúKeY
(Equation of a sphere through four non-coplanar points)

cù^ _Kû@ ù~ ùMûfKe iû]ûeY icúKeY ùjCQò
x2+y2+z2+2gx+2fy+2hz+c = 0 ... (i)

G[ôùe PûùeûUò ]âêaK g, f, h Gaõ c @Qò ö ~\ò ùKøYiò _âKûùe @ûùc Gjò ]îaK MêWòKe cû^
^ò‰ðd Keò_ûe«ò, ùZùa @ûùc ùMûfKe icúKeY _ûA_ûeòaû ö

~\ò \ò@û~ûAQò ù~ ùMûfKUò PûùeûUò @Y-icZkúd aò¦ê ù\A ~ûCQò, ùZùa G[ôeê @ûùc
PûùeûUò icúKeY _ûAaû ~ûjûKê icû]û^ Keò @ûùc PûùeûUò ]îaKe cìfý ^òeì_Y KeòaûKê ilc
ùjaû ö

cù^Ke PûùeûUò @Y-icZkúd aò¦êùjùf (x
1
, y

1
, z

1
), (x

2
, y

2
, z

2
), (x

3
, y

3
, z

3
) Gaõ

(x
4
, y

4
, z

4
) ö

Gjò PûùeûUò aò¦êe iÚû^ûu \ßûeû icúKeY (i) iò¡ ùja ù~ùjZê Gcûù^ ùMûfK C_eòiÚ ö

       x y z gx fy hz c1
2

1
2

1
2

1 1 12 2 2 0 ... (i)

x y z gx fy hz c2
2

2
2

2
2

2 2 22 2 2 0         ... (ii)

x y z gx fy hz c3
2

3
2

3
2

3 3 32 2 2 0          ... (iii)

x y z gx fy hz c4
2

4
2

4
2

4 4 42 2 2 0         ... (iv)

icúKeY (1), (2), (3) Gaõ (4) Kê icû]û^ Kùf @ûùc g, f, h Gaõ c e cìfý _ûA_ûeòaû ö
Gjò cìfý MêWòKê icúKeY (i) ùe aiûAùf ùMûfKe ^òù‰ðd icúKeY ùja
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x y z x y z

x y z x y z

x y z x y z

x y z x y z

x y z x y z

2 2 2

1
2

1
2

1
2

1 1 1

2
2

2
2

2
2

2 2 2

3
2

3
2

3
2

3 3 3

4
2

4
2

4
2

4 4 4

1

1

1

1

1

0

 

 

 

 

 



UúKû : QûZâQûZâúcûù^ Gjò WòUecò^û�Kê iek Keò cìfý ^ò‰ðd Keòaûe @ûagýKZû ^ûjó ö

C\ûjeY 36.6

(0, 0, 0), (1, 0, 0), (0, 1, 0) Gaõ (0, 0, 1) aò¦ê ù\A ~ûA[ôaû ùMûfKe icúKeY ̂ ò‰ðd
Ke ö

icû]û^ : cù^Ke Gjò PûùeûUò aò¦ê ù\A ~ûA[ôaû ùMûfKe icúKeY ùjCQò
x2+y2+z2+2gx+2fy+2hz+c = 0 ... (i)

ù~ùjZê Gjû (0, 0, 0) aò¦ê ù\A ~ûG, ùZYê
c = 0

  (1, 0, 0) aò¦êUò ùMûfK C_eòiÚ, ùZYê (i) Kê (1, 0, 0) \ßûeû iò¡ Kùf, _ûAaû
1+0+0+2g+0+0+0 = 0

   g c
1

2
0b g

ùijò_eò (i) Kê (0, 1, 0) Gaõ (0, 0, 1) \ßûeû iò¡ Kùf, @ûùc _ûAaû

f h   
1

2

1

2
,

 icúKeY (i) ùe g, f, h Gaõ c e cû^ aiûAùf _ûAaû,
x2+y2+z2–x–y–z = 0 ~ûjû ùjCQò ùMûfKe ^òù‰ðd icúKeY ö

 ùMûfKe aýûiû¡ð     
1

4

1

4

1

4
0

3

2

C\ûjeY 36.7

cìkaò¦ê, (2, 1, –1), (1, 5, –4) Gaõ (–2, 4, –6) aò¦êcû^u ù\A ~ûA[ôaû ùMûfKe icúKeY ò̂‰ðd
Ke ö

icû]û^ : cù^Ke ùMûfKe icúKeY
x2+y2+z2+2gx+2fy+2hz+c = 0 ... (i)

ù~ùjZê Gjû (0, 0, 0) ù\A ~ûCQò, ùZYê c = 0

_ê^½, ùMûfK (i) (2, 1, –1) ù\A ~ûAQò, ùZYê
22+12+(–1)2+4g+2f–2h = 0

 6+4g+2f–2h = 0
 3+2g+f–h = 0 ... (ii)


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ùijò_eò, ùMûfK (i) (1, 5, –4) Gaõ (–2, 4, –6) ù\A ~ûG, ùZYê
42+2g+10f–8h = 0 ... (iii)

56–4g+8f–12h = 0 ... (iv)

(ii) eê ‘h’ e cìfý ù^A (iii) Gaõ (iv) ùe aiûAùf, @ûùc _ûAaû
42+2g+10f–8(3+2g+f) = 0
 18–14g+2f = 0
 9–7g+f = 0 ... (v)

Gaõ 56–4g+8f–12(3+2g+f) = 0
 20–28g–4f = 0
5–7g–f = 0 ... (vi)

(v) Gaõ (vi) Kê icû]û^ Kùf, @ûùc _ûAaû g = 1, f = –2, _ê^½ g = 1 I f = –2 cû^Kê
(ii) ùe aiûAùf, @ûùc _ûAaû h = 3

 ùMûfKe ^òù‰ðd icúKeY ùjCQò
x2+y2+z2+2x–4y+6z = 0

 ùMûfKe ùK¦â = (–1, 2, –3)

aýûiû¡ð      ( ) ( )1 2 3 0 142 2 2

C\ûjeY 36.8

ù~Cñ ùMûfK (2, 3, 0), (3, 0, 2), (0, 1, 3) Gaõ (2, 2, 0) aò¦êcû^ ù\A ~ûG Zû'e
icúKeY ^ò‰ðd Ke ö

icû]û^ : ùMûfKe ^òù‰ðd icúKeY ùjCQò

x y z x y z2 2 2

2 2 2

2 2 2

2 2 2

2 2 2

1

2 3 0 2 3 0 1

3 0 2 3 0 2 1

0 1 3 0 1 3 1

2 2 0 2 2 0 1

0

 
 
 
 
 





 



x y z x y z2 2 2 1

13 2 3 0 1

13 3 0 2 1

10 0 1 3 1

8 2 2 0 1

0


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PòZâ 36.4

@ûi ̂ òùR ̂ òRKê _eLôaû36.2

1. ^òcÜùe \ò@û~ûA[ôaû PûùeûUò @Y-icZkúd aò¦ê ù\A ~ûA[ôaû ùMûfKe icúKeY ̂ ò‰ðd Ke
(i) (0, 0, 0), (a, 0, 0), (0, b, 0) Gaõ (0, 0, c)

(ii) (0, 0, 0), (–a, b, c), (a, –b, c) Gaõ (a, b, –c)
(iii) (0, 0, 0), (0, 2, –1), (–1, 1, 0) Gaõ (1, 2, –3)
C_ùeûq _âùZýK ùMûfKe ùK¦â Gaõ aýûiû¡ð ^ò‰ðd Ke ö

2. (1, –1, –1), (3, 3, 1), (–2, 0, 5) Gaõ (–1, 4, 4) aò¦êcû^u ù\A ~ûA[ôaû ùMûfKe
icúKeY ^ò‰ðd Ke ö

36.3 aýûi eì_ùe ùMûfKe icúKeY (Diameter form of the eqation of
a sphere)

cù^Ke A(x
1
, y

1
, z

1
) Gaõ B(x

2
, y

2
, z

2
) ùMûUòG ùMûfKe aýûie _âû«aò¦ê Gaõ ùMûfKe ùK¦â

O ö cù^Ke P(x, y, z) ùMûfK C_eòiÚ ù~ùKøYiò GK aò¦ê ö
PA Gaõ PB _eÆe _âZò f´ ö
PA Gaõ PB e WûAùeKi^þ ùeiòI ~[ûKâùc
x–x

1
, y–y

1
, z–z

1
 Gaõ x–x

2
, y–y

2
, z–z

2
ö

ù~ùjZê PA Gaõ PB _eÆe _âZò f´, ùZYê
(x–x

1
)(x–x

2
)+(y–y

1
)(y–y

2
)+(z–z

1
)(z–z

2
) = 0 ... (i)

Gjû ùjCQò aýûi eì_ùe ùMûfKe icúKeY
cù^eL : icúKeY (i) Kê ùfLô_ûeòaû
x2+y2+z2–(x

1
+x

2
)x–(y

1
+y

2
)y –(z

1
+z

2
)z+x

1
x

2
+y

1
y

2
+z

1
z

2
 = 0 ...(A)

aòKÌ _âYûkú : a�ðcû^ ùMûfKe icúKeY GK aòKÌ _âYûkúùe ^ò‰ðd Keòaû ö

ù~ùjZê ùMûfKe ùK¦â ‘O’, Gjû AB e c¤aò¦ ê ö ùZYê ‘O’ e iÚ û^ûu
x x y y z z1 2 1 2 1 2

2 2 2

  F
HG

I
KJ, ,

Gaõ ùMûfKe aýûiû¡ð      
1

2 2 1
2

2 1
2

2 1
2( ) ( ) ( )x x y y z z

 ùMûfKe icúKeY ùjCQò

x
x x

y
y y

z
z z


F

HG
I
KJ  

F
HG

I
KJ  

F
HG

I
KJ

( ) ( ) ( )1 2

2

1 2

2

1 2

2

2 2 2

     
1

4 2 1
2

2 1
2

2 1
2( ) ( ) ( )x x y y z z
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
F
HG
I
KJ 

F
HG
I
KJ 

F
HG
I
KJ

x x y y z z2 1
2

2 1
2

2 1
2

2 2 2

~ûjûKê iek Kùf _ûAaû
x2+y2+z2–(x

1
+x

2
)x–(y

1
+y

2
)y–(z

1
+z

2
)z


F
HG
I
KJ 

F
HG
I
KJ 

F
HG
I
KJ

L
NMM

x x x x y y1 2

2

2 1

2

2 1

2 2 2


F
HG
I
KJ 

F
HG
I
KJ 

F
HG
I
KJ
O
QPP


y y z z z z2 1

2

2 1

2

2 1

2

2 2 2
0

 x2+y2+z2–(x
1
+x

2
)x–(y

1
+y

2
)y–(z

1
+z

2
)z

   
1

4
4 4 4 01 2 1 2 1 2( )x x y y z z

 x2+y2+z2–(x
1
+x

2
)x–(y

1
+y

2
)y–(z

1
+z

2
)z +(x

1
x

2
+y

1
y

2
+z

1
z

2
) = 0

~ûjûKò _ìùaðûq (A) ijòZ icû^ ö

C\ûjeY 36.9

ùMûUòG ùMûfKe GK aýûie _âû«aò¦ê (2, 3, 5) Gaõ (–4, 7, 11) ùjùf, ùMûfKe
icúKeY ^ò‰ðd Ke ö Gjûe ùK¦â Gaõ aýûiû¡ð c]ý ^ò‰ðd Ke ö

icû]û^ : ùMûfKe ^òù‰ðd icúKeY ùjCQò
(x–2)(x+4)+(y–3)(y–7)+(z–5)(z–11) = 0

 x2+y2+z2+2x–10y–16z+68 = 0

ùMûfKe ùK¦â (–1, 5, 8) Gaõ aýûiû¡ð      ( )1 5 8 68 222 2 2

C\ûjeY 36.10

~\ò ùMûfK x2+y2+z2–2x–6y–2z+2 = 0 e GK aýûie ùMûUòG _âû«aò¦êe iÚû^ûu (3, 4,
–1) jêG, ùZùa Gjûe @^ý _âû«aò¦êe iÚû^ûu ^ò‰ðd Ke ö

icû]û^ : cù^Ke aýûie @^ý _âû«aò¦êe iÚû^ûu (x
1
, y

1
, z

1
)

 (3, 4, –1) Gaõ (x
1
, y

1
, z

1
) Kê aýûie \êA _âû«aò¦ê ù^A ùMûfKe icúKeY ùja

(x–x
1
)(x–3)+(y–y

1
)(y–4)+(z–z

1
)(z+1) = 0

 x2+y2+z2–(x
1
+3)x–(y

1
+4)y

–(z
1
–1)z+3x

1
+4y

1
–z

1
 = 0 ... (i)

a�ðcû^ icúKeY (i) ùjCQò \� ùMûfKe icúKeY
x2+y2+z2–2x–6y–2z+2 = 0 ij @bò^Ü ... (ii)

(i) Gaõ (ii) e _âùZýK _\e ijMKê Zêk^û Kùf @ûùc _ûAaû
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x
1
+3 = 2  x

1
 = –1

y
1
+4 = 6  y

1
 = 2

z
1
–1 = 2  z

1
 = 3

Gaõ 3x
1
+4y

1
–z

1
 = 2 ... (iii)

x
1
 = –1, y = 2, z

1
 = 3 icúKeY (iii) Kê c]ý iò¡ KeêQò ö

 aýûie @^ý _âû«aò¦êe iÚû^ûu ùjCQò (–1, 2, 3) ö

C\ûjeY 36.11

(x–2)(x–4)+(y–1)(y–3)+(z–2)(z+3) = 0 GK ùMûfKe icúKeY ùjùf, Gjûe aýûiû¡ð
Gaõ ùK¦â ^ò‰ðd Ke ö

icû]û^ : ùMûfKe icúKeY ùjCQò
(x–2)(x–4)+(y–1)(y–3)+(z–2)(z+3) = 0

 x2–6x+8+y2–4y+3+z2+z–6 = 0

 x2+y2+z2–6x–4y+z+5 = 0

GVûùe g = –3, f = –2, h 
1

2
, c = 5

 ùMûfKe ùK¦â 3 2
1

2
, ,FHG
I
KJ

aýûiû¡ð    FHG
I
KJ 3 2

1

2
52 2

2

    9 4
1

4
5

33

2

@ûi ̂ òùR ̂ òRKê _eLôaû36.3

1. ùMûfKe GK aýûie _âû«aò¦ê \ßd ^òcÜùe \� @Qò ö ùMûfKe icúKeY ^ò‰ðd Ke ö
(i) (2, –3, 4) Gaõ (–5, 6, –7)
(ii) (2, –3, 4) Gaõ (–1, 0, 5)
(iii) (5, 4, –1) Gaõ (–1, 2, 3)
@ûjêeò c¤ _âùZýK ùMûfKe ùK¦â Gaõ aýûiû¡ð ^ò‰ðd Ke ö

2. x2+y2+z2–2x+4y–6z–7 = 0 ùjCQò GK ùMûfKe icúKeY ö Gjûe GK aýûie ùMûUòG
_âû«aò¦ê (–1, 2, 4) ùjùf, @^ý _âû«aò¦êe iÚû^ûu ò̂‰ðd Ke ö
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3. GK ùMûfKe icúKeY (x+1)(x+2)+(y–3)(y–5)+(z–7)(z+3) = 0 ùjùf, Gjûe ùK¦â
Gaõ aýûiû¡ð ò̂‰ðd Ke ö

36.4 GK ùMûfKe icZk-ùQ\ Gaõ GK \� aé�Kê ]ûeY Keê[ôaû ùMûfKe
icúKeY (Plane section of a sphere and sphere through a given circle)

(i) @ûi _â[ùc ùMûfKe icZk - ùQ\ K[û aòPûe Keòaû ö
@ûùc RûYòùQ ù~, cìkaò¦êKê ùK¦â Gaõ ‘r’ Kê aýûiû¡ð ù^A MVòZ ùMûfKe icúKeY ùjCQò
x2+y2+z2 = r2 ... (i)

cù^Ke ùMûfKe icZk-ùQ\ @õge ùK¦â C(a, b, c) ö
Gjò ùQ\e icúKeY @ûùc ̂ ò‰ðd Keòaû ö O eê C(a, b, c) aò¦ê ù\A
icZk _âZò OC ùeLûLŠ @u^ Keû~ûAQò ö icZk _âZò OC ̂ cðûf ö
^cðûf OC e WûAùeKi þ̂ ùeiòI ùjCQò a, b Gaõ c ö

cù^Ke ùMûfKe icZk-ùQ\ C_ùe P(x, y, z) ùKøYiò
GK aò¦ê ö

PC e WûAùeKi^þ ùeiòI ùjCQò x–a, y–b, z–c
Gaõ Gjû OC _âZò f´ ö

ùZYê f´e i�ð aýajûe Kùf, @ûùc _ûAaû
(x–a)a+(y–b)b+(z–c)c = 0 ... (ii)

icúKeY (ii) icZk C_ùe [ôaû ù~ùKøYiò aò¦ê ‘P’e iÚû^ûu \ßûeû iò¡ ùja ö ùZYê (i)
Gaõ (ii) GKZâ, ùMûfKe icZk ùQ\òZ @õge icúKeY ùja ö

@^êiò¡û« - 1 : ~\ò ùMûfKe ùK¦â (–g, –f, –h) jêG, ùZùa OC e WûAùeKi^þ ùeiòI ùja
a+g, b+f, c+h ö
ùZYê (x–a)(a+g)+(y–b)(b+f)+(z–c)(c+h) = 0 ... (A)

Gaõ ùMûfKe icúKeY ùja x2+y2+z2+2gx+2fy+2hz+d = 0 ... (B)

Gjò ùlZâùe (A) Gaõ (B) GKZâ ùMûfKe icZk ùQ\òZ @õge icúKeY ùja ö
@^êiò¡û« - 2 : ùMûUòG ùMûfKe ùK¦â ù\A @uòZ GK icZk ùMûfKKê ùQ\ Kùf, ù~Cñ ùQ\òZ
@õg C_ô^Ü ùja, ZûKê aéjZþ aé� Kêjû~ûG ö ùZYê ù\Lô _ûeòa :
(i) Gjò ùQ\òZ @õg (aé�)e ùK¦â ùMûfKe ùK¦â ij còkò~òa ö Zêùc flýKe ù~ ùMûfKe
icÉ icZk-ùQ\eê C_ô^Ü aé� cû^u c¤ùe aéjZþ aé�e aýûiû¡ð aéj�c ùja ö
(ii) aéjZþ aé�e aýûiû¡ð ùMûfKe aýûiû¡ð ijòZ icû^ ö

a�ðcû^ @ûùc GK aé�Kê ]ûeY Keò[ôaû ùMûfK aòhdùe aòPûe Keòaû ö
(iii) GK ùMûfK ^ò@û~ûC

PòZâ 36.5
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S  x2+y2+z2+2gx+2fy+2hz+c = 0 ... (i)

Gaõ GK icZk L  lx+my+nz+k = 0 ... (ii)

(i) Gaõ (ii) GKZâ ùja S = 0 Gaõ L = 0 e ùQ\eê C_ô^Ü aé�e icúKeY ö
aé� (i) Gaõ (ii) Cbd ù\A ~ûA[ôaû ùMûfKe icúKeY ùjCQò S+L = 0, ù~CñVò  GK

]îaK Gaõ aé� C_ùe [ôaû icÉ aò¦êe iÚû^ûu \ßûeû S+L = 0 icúKeY iò¡ ùja ö
C\ûjeY 36.12

x2+y2+z2–6x–4y+12z–36 = 0, x+2y–2z = 1 icúKeY \ßûeû ^ò‰ðòZ aé�e ùK¦â Gaõ
aýûiû¡ð ^ò‰ðd Ke ö

icû]û^ : cù^Ke
S  x2+y2+z2–6x–4y+12z–36 = 0 ... (i)

L  x+2y–2z–1 = 0 ... (ii)

(i) Gaõ (ii) GKZâ ùMûUòG aé�e icúKeYKê iìPûG ö
@ûùc _ûAaû : (aé�e aýûiû¡ð)2

= (ùMûfKe aýûiû¡ð)2– (ùMûfKe ùK¦âeê icZke f´ \ìeZû)2

ùMûfK (i) e ùK¦â = (3, 2, –6)

ùMûfKe aýûiû¡ð      3 2 6 36 852 2 2( )

ùMûfKe ùK¦â (3, 2, –6) eê icZk (ii) _âZò f´ \ìeZû


     

  


1 3 2 2 2 6 1

1 2 2
6

2 2 2

( )

( )

(aé�e aýûiû¡ð)2 = 85–36 = 49
 aé�e aýûiû¡ð = 7

(i) Gaõ (ii) ù\A ~ûA[ôôaû ùMûfKe icúKeY ùjCQò
x2+y2+z2–6x–4y+12z–36+(x+2y–2z–1) = 0
Gjò icúKeYKê @ûùc ùfLô_ûeòaû
x2+y2+z2–(6–)x–(4–2)y+(12–2)z–36– = 0 ...(iii)

(iii) ùe \ò@û~ûA[ôaû ùMûfKe ùK¦â  ùjCQò
6

2
2 6


 F

HG
I
KJ


 ,  Gaõ aýûiû¡ð


F
HG
I
KJ      

6

2
2 6 36

2
2 2
  ( ) ( )


F
HG
I
KJ       

6

2
2 6 36 7

2
2 2 2
  ( ) ( )
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     36 12 4 4 42 2   ( )      4 12 36 4 36 1962( ) ( )  

   9 72 144 02 

    2 8 16 0

  ( ) 4 02

  4 4,

 ùK¦âe iÚû^ûu ùjCQò
6 4

2
2 4 4 6 1 2 2


 F

HG
I
KJ   , , ( , , )

ùZYê aé�e ^òù‰ðd aýûiû¡ð Gaõ ùK¦â ~[ûKâùc 7 Gaõ (1, –2, –2)

C\ûjeY 36.13

ùMûfKe icúKeY ̂ ò‰ðd Ke ù~Cñ[ô_ûAñ \ò@û~ûA[ôaû aé� x2+y2+z2+7y–2z+2 = 0 Gaõ
2x+3y+4z–8 = 0 _âùZýK GK aéjZþ aé� ùja ö

icû]û^ : x2 + y2 + z2 + 7y – 2z + 2 = 0 Gaõ 2x + 3y + 4z – 8 = 0 icúKeY \ßd
\ßûeû iìPòZ aé� ù\A ~ûA[ôaû ùMûfKe icúKeY ùjCQò

x2+y2+z2+7y–2z+2+(2x+3y+4z–8) = 0

Gjò ùMûfKe ùK¦â ùjCQò  


F
HG

I
KJ


, ,

7 3

2
1 2

ù~ùjZê ùMûfKe ùK¦â icZk C_ùe @Qò, ùZYê ùK¦âe iÚû^ûu icZke icúKeY
2x+3y+4z–8 = 0 Kê iò¡ Keòa ö

 


  2
21 9

2
4 8 8




     4 21 9 8 16 16  

   1

 ùMûfKe ^òù‰ðd icúKeY ùjCQò
x2+y2+z2+7y–2z+2–2x–3y–4z+8 = 0
 x2+y2+z2–2x+4y–6z+10 = 0

@ûi ̂ òùR ̂ òRKê _eLôaû36.4

1. ^òcÜfòLôZ _âùZýK aé�e ùK¦â Gaõ aýûiû¡ð ^ò‰ðd Ke :
(i) x2+y2+z2–2y–4z–11 = 0 Gaõ x+2y+2z = 15

(ii) (x–3)2+(y+2)2+(z–1)2 = 100 Gaõ 2x–2y–z+9 = 0
2. \gðû@ ù~, icZk x+2y+2z = 20 Gaõ ùMûfK x2+y2+z2–2x–4y–6z = 2 e ùQ\eê

C_ô^Ü aé�e ùK¦â (2, 4, 5) Gaõ aýûiû¡ð 3  GKK ö
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@ûùc ~ûjû gòLôùf
 ùMûfK ùjCQò ùÆgþùe [ôaû GK iÚòe aò¦êVûeê GK ̂ òŸðòÁ \ìeZûùe ùÆgþùe @aiÚòZ aò¦êcû^ue

ùiUþ ö ùÆgþùe [ôaû _ìùaðûq iÚòe aò¦êKê ùMûfKe ùK¦â Gaõ ̂ òŸòðÁ \ìeZûKê ùMûfKe aýûiû¡ð
Kêjû~ûG ö

 ù~Cñ ùMûfKe ùK¦â (x
1
, y

1
, z

1
) Gaõ aýûiû¡ð r, ùijò ùMûfKe icúKeY ùjCQò

(x–x
1
)2+(y–y

1
)2+(z–z

1
)2 = r2

GjûKê ùMûfKe ùK¦â-aýûiû¡ð eì_ aògòÁ icúKeY Kêjû~ûG ö
 cìkaò¦ê ùMûfKe ùK¦â Gaõ aýûiû¡ð r ùjùf, ùMûfKe icúKeY jêG x2+y2+z2 = r2

 Pkeûgò x, y Gaõ z i´kòZ iû]ûeY \ßòNûZ icúKeY GK ùMûfKe icúKeY ùja ~\ò
(i) x2, y2 Gaõ z2 e ijM icû^
(ii) ùKøYiò _\ùe xy, yz Gaõ zx ^[ûG ö

 ùMûfK x2+y2+z2+2gx+2fy+2hz+c = 0 e ùK¦â, Gaõ aýûiû¡ð ~[ûKâùc (–g, –f, –h)

Gaõ g f h c2 2 2  

 PûùeûUò @Y-icZkúd aò¦ê (x
1
, y

1
, z

1
), (x

2
, y

2
, z

2
), (x

3
, y

3
, z

3
) Gaõ (x

4
, y

4
, z

4
) ù\A

~ûA[ôaû ùMûfKe icúKeY ùjCQò

x y z x y z

x y z x y z

x y z x y z

x y z x y z

x y z x y z

2 2 2

1
2

1
2

1
2

1 1 1

2
2

2
2

2
2

2 2 2

3
2

3
2

3
2

3 3 3

4
2

4
2

4
2

4 4 4

1

1

1

1

1

0

 

 

 

 

 



 ùMûfKe GK aýûie _âû«aò¦ê \ßd (x
1
, y

1
, z

1
) Gaõ (x

2
, y

2
, z

2
) ùjùf, ùMûfKe icúKeY

ùja
(x–x

1
)(x–x

2
)+(y–y

1
)(y–y

2
)+(z–z

1
)(z–z

2
) = 0

 GK ùMûfK Gaõ icZke ùQ\ @õge icúKeY x2+y2+z2 = r2 Gaõ a(x–a)+b(y–
b)+c(z–c) = 0 GKZâ ù~CñVò ùMûfKe aýûiû¡ð = r Gaõ cìkaò¦ê ùjCQò ùK¦â ö

 ùMûfK S  x2+y2+z2+2gx+2fy+2hz+c = 0 Gaõ icZk L  lx+my+nz+k = 0
GKZâ, GK aé�e icúKeY ùja ö
ù~CñVò S = 0 Gaõ L = 0 e ùQ\ ùjCQò C_ùeûq aé� ö
icúKeY S+L = 0 ùjCQò ùMûfKe icúKeY ~ûjûKò S = 0 Gaõ L = 0 Cbde ùQ\ùe

ùjC[ôaû aé�Kê ]ûeY Kùe ö
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ijûdK ùIßaþ iûAUþ
 http://www.wikipedia.org

 http://mathworld.wolfram.com

_ûV ùgh @býûi Kû~ðý
1. GK ùMûfKe icúKeY ̂ ò‰ðd Ke ~ûjûe ùK¦â (0, 0, 0) Gaõ ~òG (2, –2, 3) ù\A ~ûG ö
2. ùMûfK 2(x2+y2+z2)–4x+6y–5z = 0 e ùK¦â Gaõ aýûiû¡ð ^ò‰ðd Ke ö
3. \� ùMûfK x2+y2+z2–2x–4y–6z–11 = 0 ijòZ GK ùK÷¦òâK ùMûfKe icúKeY ^ò‰ðd

Ke ~ûjûe aýûiû¡ð 10 ö
4. \�aò¦ê (1, 2, 3), (2, –3, 5) Gaõ (0, 7, 4) Vûeê GK bâûcýcûY aò¦êe \ìeZûe aMðe icÁò

147 ùjùf, bâûcýcûY aò¦êe i�ûe_[ ^ò‰ðd Ke ö
5. aò¦ê (1, –1, 3), GK \� ùMûfK x2+y2+z2+2x+4y–6z+5 = 0 e @«üiÚ Kò´û ajòüiÚ aò¦ê

ùja ^ò‰ðd Ke ö
6. PûùeûUò \� aò¦ê (0, 0, 0), (1, 0, 0), (0, 2, 0) Gaõ (0, 0, 3) ù\A ~ûA[ôaû ùMûfKe

icúKeY ^ò‰ðd Ke ö
7. ù~Cñ ùMûfKe GK aýûie _âû«aò¦ê \ßd (–1, 2, –3) Gaõ (3, 1, –1) ùi ùMûfKe

icúKeY ^ò‰ðd Ke ö
8. ùMûfK x2+y2+z2–7x–3y+1 = 0 e GK aýûie ùMûUòG _âû«aò¦ê (4, 5, 1) ùjùf, Gjûe

@^ý _âû«aò¦êe iÚû^ûu ^ò‰ðd Ke ö
9. GK ùMûfK cìkaò¦ê ù\A ~ûAQò Gaõ iÚû^ûu @le ]^ûcôK \òMùe Gjûe ùQ\ûõg ~[ûKâùc

a, b Gaõ c GKK ùjùf, ùMûfKe icúKeY ^ò‰ðd Ke ö

10. ~\ò GK ùMûfK x2+y2+z2 = 49 Kê GK icZk 2 3 5 14 0x y z     ùQ\ Kùe,
ùZùa Gjûe aé� @ûKéýZò aògòÁ ùQ\òZ @õge aýûiû¡ð ^ò‰ðd Ke ö

11. GK ùMûfKe icúKeY ^ò‰ðd Ke ~ûjûe ùQ\òZ aé� x2+y2+z2 = 4, x+y+4 = 0 GK
aéjZþ aé� ùja ö
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C�e cûkû

@ûi ò̂ùR ò̂RKê _eLôaû 36.1

1. x2+y2+z2 = 5 2. ùK¦â
1

2
1

3

2
, ,FHG
I
KJ , aýûiû¡ð  55

6

3. (i)  (x–3)2+(y+3)2+(z+1)2 = 19
(ii)  (x–2)2+(y+2)2+(z+1)2 = 9

4. (x–3)2+(y+3)2+(z+1)2 = 9

5. (i)  @«üiÚ (ii) ùMûfK C_eòiÚ (iii) ajòüiÚ

@ûi ò̂ùR ò̂RKê _eLôaû 36.2

1. (i) x2+y2+z2–ax–by–cz = 0,
a b c

2 2 2
, ,FHG
I
KJ  ;

a b c2 2 2

2

 

(ii)
x y z

a b c

x

a

y

b

z

c

2 2 2

2 2 2
0

 
 

   

a b c

abc
b c c a a b

2 2 2
2 2 2 2 2 2

2

 
 

a b c

a

a b c

b

a b c

c

2 2 2 2 2 2 2 2 2

2 2 2

     F
HG

I
KJ, , ;

(iii) 6(x2+y2+z2)+14x+2y+34z = 0 ;

 FHG
I
KJ

7

6

1

6

17

6

339

6
, , ;

2.

x y z x y z2 2 2 1

3 1 1 1 1

19 3 3 1 1

29 2 0 5 1

33 1 4 4 1

0

 

 







@ûi ò̂ùR ò̂RKê _eLôaû 36.3

1. (i) x2+y2+z2+3x–3y+3z–56 = 0 ;  F
HG

I
KJ

3

2

3

2

3

2

251

2
, , ;
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(ii) x2+y2+z2–x+3y–9z+18 = 0 ;
1

2

3

2

9

2

19

2
, , ;FHG
I
KJ

(iii) x2+y2+z2–4x–6y–2z = 0 ; (2, 3, 1) ; 14
2. (3, –6, 2)

3. FHG
I
KJ

3

2
4 2

105

2
, , ;

@ûi ò̂ùR ò̂RKê _eLôaû 36.4

1. (i) ( , , ) ;1 3 4 7 (ii) (–1, 2, 3) ; 8

_ûVùgh @býûi Kû~ðý
1. x2+y2+z2 = 17

2. 1
3

2

5

4

77

4
, , ;FHG
I
KJ

3. x2+y2+z2–2x–4y–6z–86 = 0
4. x2+y2+z2–2x–4y–8z–10 = 0
5. ùMûfKe @«üiÚ
6. x2+y2+z2–x–2y–3z = 0
7. x2+y2+z2–2x–3y+4z+2 = 0
8. (3, –2, –1)
9. x2+y2+z2–ax–by–cz = 0

10. 2 6

11. x2+y2+z2+4x+4y+12 = 0


