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icZk

Zêc Nee ùMûUòG ùKûVeòKê bf bûaùe ù\L ö Gjûe PûùeûUò Kû^Ú,
ùMûUòG QûZ Gaõ ùMûUòG PUûY @Qò ö PUûY Gaõ QûZ ùKûVeòe iúcû
aûjûùe @iúc bûaùe f´ò[ôaû \êAUò icû«e icZke @õg ö Zêùc c¤
\êA ù~ûWÿû icû«e Kû Ú̂ ù\Lôa ~ûjû c¤ icû«e icZke @õg ö ùijò_eò
ùUaêfþe C_e _ûL, ùKûVeò cû^ue KaûU icZk @û\ò @õge C\ûjeY ö
~\ò @ûùc icZk C_ùe ù~ùKøYiò \êAUò aò¦ê ù^aû, ùZùa aò¦ê\ßdKê
]ûeY Keê[ôaû iekùeLûUò iµì‰ð bûùa icZk C_ùe @aiÚû^ Keòa ö
Gjû ùjCQò icZke GK aòùghZß ö
 PòZâ 34.1 Kê ù\L ö Zêùc RûY Gjû GK @ûdZN^ûKéZò aògòÁ aûKè iìPûC[ôaû PòZâ ö Gjûe Q@Uò _ûgßð,
@ûVUò gúhðaò¦ê Gaõ aûeUò ]ûe @Qò ö

_eÆee aò_eúZ Gaõ icû«e _ûgßðMêWòK ùjùf
(i) ABCD Gaõ FGHE

(ii) AFED Gaõ BGHC

(iii) ABGF Gaõ DCHE

Gaõ icû«e ]ûe MêWòK ^òcÜùe \ò@ûMfû ö
(i) AB, DC, EH Gaõ FG

(ii) AD, BC, GH Gaõ FE

(iii) AF, BG, CH Gaõ DE

C_ùeûq Q@Uò _ûgßð _âùZýK ùMûUòG ùMûUòG icZke @õg Gaõ _eÆe aò_eúZ _ûgßðMêWÿòK \ßûeû
Zò^òù~ûWÿû icû«e icZk iìPòZ jê@«ò ö
Gjò @¤ûdùe @ûùc GK icZke iû]ûeY icúKeY, Zòù^ûUò \� aò¦êKê ]ûeY Keê[ôaû icZke
icúKeY, ùQ\ûõg cû]ýcùe icZke icúKeY Gaõ ^cðûfþ cû]ýcùe icZke icúKeY ^ò‰ðd
Keòaû ö @ûùc \gðûAaû ù~ Zòù^ûUò Pkeûgò x, y Gaõ z [ôaû ic\ßòNûZ icúKeY \ßûeû GK icZk ~êMà
iìPòZ ùja ö @ûùc c¤ \êAUò icZk @«MðZ ùKûYKê ic\ßòLŠ Keê[ôaû icZke icúKeY ^ò‰ðd
Keòaû Gaõ ùÆgþùe @aiÚòZ ZòâbêRe ùlZâ`k ^ò‰ðd Keòaû ö

PòZâ 34.1
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CùŸgý
Gjò @¤ûdUò _Xò iûeòaû _ùe Zêùc
 GK icZkKê PòjÜò _ûeòa;
 icZke iû]ûeY icúKeY ^ò‰ðd Keò_ûeòa;
 ùMûUòG \� aò¦ê ù\A ~ûA[ôaû icZke iû]ûeY icúKeY ^ò‰ðd Keò_ûeòa;
 Zòù^ûUò \� aò¦ê ù\A ~ûA[ôaû icZke icúKeY ^ò‰ðd Keò_ûeòa;
 ùQ\ûõg cû]ýcùe Gaõ ^eþcûfþ cû]ýcùe icZke icúKeY ^ò‰ðd Keò_ûeòa;
 \êAUò \� icZk @«MðZ ùKûY ^ò‰ðd Keò_ûeòa;
 \êAUò \� icZk @«MðZ ùKûY ic\ßòLŠK icZke icúKeY ^ò‰ðd Keò_ûeòa;
 Zòù^ûUò Pkeûgò [ôôaû ic\ßòNûZ icúKeY \ßûeû GK icZk ~êMà iìPòZ jêG ùaûfò \gðûA_ûeòa ö

_âZýûgòZ _ìaðmû^
 ZòâcûZâòK RýûcòZòe ùcøkòKmû^;
 GK iekùeLûe WûAùeKþi^þ ùKûiûA^þ Gaõ WûAùeKþi^þ ùeiòI;
 GK iekùeLû C_ùe GK bò^Ü ùeLûLŠe @bòùl_;
 ùÆgþùe [ôaû \êAUò iekùeLû _eÆe _âZò f´ Gaõ icû«e ùjaûe i�ð

34.1 icZke iû]ûeY icúKeY (General equation of a plane)

cù^ _Kû@ ù~ icZk ùjCQò GK _éÂ ù~_eòKò Gjû C_ùe [ôaû ù~ùKøYiò \êAUò aò¦ê ù\A ~ûC[ôaû
iekùeLû iµì‰ð bûaùe icZk C_ùe @aiÚû^ Keòa ö

Zòù^ûUò Pkeûgò x, y Gaõ z i´kòZ ^òcÜ GKNûZú icúKeY ^ò@û~ûC
ax+by+cz+d = 0 ... (i)

~\ò P(x
1
, y

1
, z

1
) Gaõ Q(x

2
, y

2
, z

2
) aò¦ê\ßd icúKeY (i) Kê iò¡ Kùe, ùZùa

ax
1
+by

1
+cz

1
+d = 0 ... (ii)

ax
2
+by

2
+cz

2
+d = 0 ... (iii)

icúKeY (ii) Gaõ (iii)Kê  ~[ûKâùc n Gaõ m MêY^ Keò C_ô^Ü icúKeY \ßdKê ù~ûM
Kùf, @ûùc _ûAaû

a(mx
2
+nx

1
)+b(my

2
+ny

1
) +c(mz

2
+nz

1
)+d(m+n) = 0





F
HG

I
KJ 




F
HG

I
KJa

mx nx

m n
b

my ny

m n
2 1 2 1





F
HG

I
KJ  c

mz nz

m n
d2 1 0  ... (iv)
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(iv) eê @ûùc ù\LêùQ ù~, PQ Kê ù~Cñ aò¦ê m : n @^ê_ûZùe aòbûR^ KeêQò, Zûjû
icúKeY (i) Kê iò¡ KeêQò ö
P Gaõ Q Kê ]ûeY Keê[ôaû ùeLû C_ùe [ôaû icÉ aò¦ê (i) \ßûeû iìPòZ _éÂZkùe @aiÚû^ KeêQò ö

 icúKeY (i) ùjCQò ùMûUòG icZke iû]ûeY icúKeY ö

34.2 ùMûUòG aò¦êKê ]ûeY Keê[ôaû icZke iû]ûeY icúKeY
(General equation of a plane possing through a given point) :

cù^Ke P(x
1
, y

1
, z

1
) ùMûUòG \� aò¦ê Gaõ ax+by+cz+d = 0 ùMûUòG icZke \� icúKeY ö

ù~ùjZê icZk ax+by+cz+d = 0, ....(i)

(x
1
, y

1
, z

1
) aò¦êKê ]ûeY Kùe, ùZYê

ax
1
+by

1
+cz

1
+d = 0 ... (ii)

(ii) Kê (i) eê aòùdûM Kùf, @ûùc _ûAaû
a(x–x

1
)+b(y–y

1
)+c(z–z

1
) = 0 ... (iii)

~ûjûKò \� aò¦ê (x
1
, y

1
, z

1
) Kê ]ûeY Keê[ôaû icZke iû]ûeY icúKeY ö

c«aý : Zêùc Kjò_ûeòa Kò, (iii) \gðûC[ôaû icúKeYUò ùKùZûUò icZkKê iìPûG ?
ù~ùjZê a, b, c ù~ùKøYiò aûÉa iõLýû ùjûA_ûeòa, ùZYê \� aò¦êKê ]ûeY Keê[ôaû @iõLý
icZk i¸a ö
flýKe : icúKeY (i) ùe PûùeûUò ]âéaK a, b, c Gaõ d @Qò ö ù~ùZùaùk d  0, @ûùc (i)
Kê d \ßûeû bûM Kùf _ûAaû

a

d
x

b

d
y

c

d
zF

HG
I
KJ 
F
HG
I
KJ 
F
HG
I
KJ  1 0

Ax+By+Cz+1 = 0 ... (iv)

ù~CñVò A
a

d
B

b

d
C

c

d
  , ,

Zêùc flýKeò_ûe ù~, (iv) ùe [ôaû A, B Gaõ C ùjCQò Zòù^ûUò Êû]ú^ ]âéaK ö
C\ûjeY 34.1

(1, –3, 2) aò¦êKê ]ûeY Keê[ôaû icZke icúKeY ^ò‰ðd Ke ö
icû]û^ : GVûùe x

1
 = 1, y

1
 = –3 Gaõ z

1
 = 2

 icZke ^òù‰ðd icúKeY ùjCQò
a(x–1)+b(y+3)+c(z–2) = 0
 ax+by+cz+(–a+3b–2c) = 0

C\ûjeY 34.2

(3, 0, –2) aò¦êKê ]ûeY Keê[ôaû icZke icúKeY ^ò‰ðd Ke ö
icû]û^ : GVûùe x

1
 = 3, y

1
 = 0, z

1
 = –2

 icZke ^òù‰ðd icúKeY ùjCQò
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a(x–3)+b(y–0)+c(z+2) = 0
 ax+by+cz+(–3a+2c) = 0

C\ûjeY 34.3 \êAUò aò¦ê (2, 2, 4) Gaõ (5, 2, 1) e iõù~ûRK ùeLûLŠKê 1 : 2 @^ê_ûZùe
@«aòðbûR^ Keê[ôaû aò¦êKê ]ûeY Keê[ôaû icZke icúKeY ^ò‰ðd Ke ö
icû]û^ :

A I B aò¦êe iõù~ûRK ùeLûLŠKê 1 : 2 @^ê_ûZùe @«aðòbûR^ Keê[ôaû aò¦ê P e iÚû^ûu ùjCQò

2 2 1 5

2 1

2 2 1 2

2 1

2 4 1 1

2 1

  


  


  


F
HG

I
KJ, ,

Kò´û (3, 2, 3)

 icZke ^òù‰ðd icúKeY ùjCQò
a (x – 3) +b (y–2) + c (z – 3) = 0
 ax + by + cz – (3a + 2b + 3c) = 0

@ûi ̂ òùR ̂ òRKê _eLôaû34.1

1. cìkaò¦ê ù\A ~ûA[ôaû icZke icúKeY ^ò‰ðd Ke ö
2. (0, 0, –2) aò¦ê ù\A ~ûA[ôaû icZke icúKeY ^ò‰ðd Ke ö
3. (5, –7, 3) aò¦ê ù\A ~ûA[ôaû icZke icúKeY ^ò‰ðd Ke ö
4. (x

1
, y

1
, z

1
) Gaõ (x

2
, y

2
, z

2
) aò¦ê\ßde iõù~ûRK ùeLûLŠKê ic\ßòLŠ Keê[ôaû icZke

icúKeY ^ò‰ðd Ke ö
5. (1, 2, –3) Gaõ (4, 2, –3) aò¦ê\ßde iõù~ûRK ùeLûLŠKê 1 : 2 @^ê_ûZùe @«aòðbûR^

Keê[ôaû icZke icúKeY ^ò‰ðd Ke ö

34.3 Zòù^ûUò \� aò¦êKê ]ûeY Keê[ôaû icZke icúKeY (Equation of a
plane passing through three given points)

Zêùc cù^ _KûA _ûeòa ù~ icZke iû]ûeY icúKeYùe Zòù^ûUò Êû]ú^ ]âéaK [ûG ö ùZYê Zòù^ûUò
@YùeLúd aò¦ê ù\A GK @^^ý icZk ejò[ôaûe @ûùc ^ò‰ðd Keò_ûeòaû ö
cù^Ke ax+by+cz+d = 0 GK icZke icúKeY Gaõ (x

1
, y

1
, z

1
), (x

2
, y

2
, z

2
) Gaõ (x

3
, y

3
, z

3
)

Zòù^ûUò \� aò¦ê ö
(x

1
, y

1
, z

1
) aò¦ê ù\A ~ûA[ôaû icZke icúKeY ùja

a(x–x
1
)+b(y–y

1
)+c(z–z

1
) = 0 ... (i)

A P B

(2,2,4) 1 :2 (5, 2, 1)

PòZâ 34.2
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~\ò icZk (i), (x
2
, y

2
, z

2
) Gaõ (x

3
, y

3
, z

3
)  aò¦ê ù\A ~ûG, ùZùa

a(x
2
–x

1
)+b(y

2
–y

1
)+c(z

2
–z

1
) = 0 ... (ii)

a(x
3
–x

1
)+b(y

3
–y

1
)+c(z

3
–z

1
) = 0 ... (iii)

a, b Gaõ c Kê (i), (ii) Gaõ (iii) eê @_iûeY Kùf, icZke ^òù‰ðd icúKeY ùja

x x y y z z

x x y y z z

x x y y z z

  

  

  


1 1 1

2 1 2 1 2 1

3 1 3 1 3 1

0 ... (A)

34.4 ùQ\ûõg cû]ýcùe icZke icúKeY
(Equation of a plane in intercept form)

cù^Ke x, y Gaõ z @lùe icZk \ßûeû C_ô^Ü ùQ\ûõge ù\÷Nðý MêWòK ~[ûKâùc a, b Gaõ c ö Gjû
iìPûG ù~ icZkUò (a, 0, 0), (0, b, 0) Gaõ (0, 0, c) aò¦êKê ]ûeY KeêQò ö

icúKeY (A) ùe
x a y z

x y b z

x y z c

1 1 1

2 2 2

3 3 3

0 0

0 0

0 0

  

  

   ù^ùf
icZke ^òù‰ðd icúKeY ùja
x a y z

a b

a c







0

0

0

~ûjûKê iek Kùf _ûAaû bcx+acy+abz – abc = 0

   
x

a

y

b

z

c
1 ... (B)

icúKeY (B)Kê icZke ùQ\ûõg cû]ýcùe _âKûgòZ icúKeY Kêjû~ûG ö
C\ûjeY 34.4

(0, 2, 3), (2, 0, 3) Gaõ (2, 3, 0) aò¦êZâd ù\A ~ûA[ôaû icZke icúKeY ^ò‰ðd Ke ö
icû]û^ : (A)Kê aýajûe Keò icZke icúKeYKê ùfLô_ûeòaû

x y z  

  

  



0 2 3

2 0 0 2 3 3

2 0 3 2 0 3

0



x y z 





2 3

2 2 0

2 1 3

0

 x(6–0)–(y–2)(–6)+(z–3)(2+4) = 0
 6x+6(y–2)+6(z–3) = 0
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 x+y–2+z–3 = 0  x+y+z=5

C\ûjeY 34.5

\gðû@ ù~ (2, 2, 0), (2, 0, 2) Gaõ (4, 3, 1) aò¦êZâd ù\A ~ûA[ôaû icZke icúKeY ùjCQò x =
y + z ö

icû]û^ : (2, 2, 0) aò¦ê ù\A ~ûA[ôaû icZke icúKeY ùjCQò
a(x–2)+b(y–2)+ c(z–0) = 0 ... (i)

(i) (2, 0, 2) aò¦êKê ]ûeY Kùe,
a(2–2)+b(0–2)+c(2–0) = 0
 c = b ... (ii)

_ê^½ (i) (4, 3, 1) aò¦ê ù\A ~ûG, ùZYê
a(4–2)+b(3–2)+c = 0
 2a+b+c = 0 ... (iii)

(ii) Gaõ (iii) eê @ûùc _ûAaû 2a+2b = 0 a = –b
(i) ùe _âû¯ cû^Kê aiûAùf, _ûAaû
–b(x–2)+b(y–2)+bz = 0
 –(x–2)+(y–2)+z = 0
 y+z–x = 0
 x = y+z

C\ûjeY 34.6

icZke icúKeY 4x–5y+6z–60 = 0 Kê ùQ\ûõg cû]ýcùe _âKûg Ke ö iÚû^ûu @lùe
Gjûe ùQ\ûõg MêWÿòK ^ò‰ðd Ke ö

icû]û^ : icZke icúKeY ùjCQò
4x–5y+6z–60 = 0
 4x–5y+6z = 60 ....(i)

   
4

60

5

60

6

60
1

x y z
 


 

x y z

15 12 10
1

~ûjûKò icZke ùQ\ûõg cû]ýcùe _âKûgòZ icúKeY Gaõ iÚû^ûu @lùe icZke ùQ\ûõg
~[ûKâùc 15, –12 Gaõ 10 ö

@ûi ̂ òùR ̂ òRKê _eLôaû34.2

1. ^òcÜfòLôZ aò¦êcû^u ù\A ~ûA[ôaû icZke icúKeY ^ò‰ðd Ke ö
(a) (2, 2, –1), (3, 4, 2) Gaõ (7, 0, 6)

(b) (2, 3, –3), (1, 1, –2) Gaõ (–1, 1, 4)
(c) (2, 2, 2), (3, 1, 1) Gaõ (6, –4, –6)
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PòZâ 34.3

2. \gðû@ ù~ (3, 3, 1), (–3, 2, –1) Gaõ (8, 6, 3) aò¦ê ZâdKê ]ûeY Keê[ôaû icZke icúKeY
4x+2y–13z = 5 ùjCQò ö

3. ùMûUòG icZke iÚû^ûu @l C_ùe ùQ\ûõg ~[ûKâùc 2, 3 Gaõ 4 ùjùf, icZke
icúKeY ^ò‰ðd Ke ö

4. icZk 2x+3y+4z = 24 \ßûeû iÚû^ûu @lùe C_ô^Ü ùjûA[ôaû ùQ\ûõg ^ò‰ðd Ke ö
5. \gðû@ ù~ (–1, 4, –3), (3, 2, –5), (–3, 8, –5) Gaõ (–3, 2, 1) aò¦êMêWÿòK GK icZkùe

@aiÚû^ Keòùa ö

34.5^cðûf cû]ýcùeicZke icúKeY
(Equation of a plane in the normal form)

cù^Ke, cìkaò¦ê O eê icZk ABC _âZò ON f´ Gaõ
cù^Ke icZk C_ùe P(x, y, z) ù~ùKøYiò GK aò¦ê ö
cù^Ke, XY icZk C_ùe PL f´ Gaõ OX C_ùe
LM f´ ù~_eò OM = x, ML = y Gaõ PL = z ö
OM, ML Gaõ LP e ON C_ùe [ôaû @bòùl_ cû^ue
icÁò ij OP e ON C_ùe [ôôaû @bòùl_ icû^ ö
~\ò ON e WûAùeKþi^þ ùKûiûA^þ l, m Gaõ n jê@«ò
Gaõ f´ ON e ù\÷Nðý p jêG, ùZùa
lx+my+nz = p ... (i)

(i) Kê icZke ^ecûfþ cû]ýcùe _âKûgòZ icúKeY
Kêjû~ûG ö

@ûùc RûYòùQ l = cos , m = cos  Gaõ n = cos , ù~CñVûùe Zòù^ûUò ~ûK iÚû^ûu @le
]^ûcôK \òM ij ON C_ô^Ü Keê[ôaû ùKûYe _eòcûY ~[ûKâùc ,  Gaõ  ö

(i) Kê @ûùc ùfLô_ûeòaû
x cos +y cos +z cos  = p

@^êiò¡û« - 1 : x, y, z i´kòZ GKNûZú iû]ûeY icúKeY, @[ðûZþ ax+by+cz+d = 0 Kê lx+my+nz
= p ijòZ Zêk^û Kùf @ûùc ù\Lôaû ù~ ax+by+cz+d = 0 icZk _âZò ^ecûfþe WûAeKi þ̂
ùKûiûA þ̂ a, b Gaõ c ijòZ icû̂ ê_ûZú Gaõ


 


 


 

a

a b c

b

a b c

c

a b c2 2 2 2 2 2 2 2 2
, ,  ijòZ icû^

ù~ùjZê _âPkòZ _â[û @^ê~ûdú p ]^ûcôK, ùZYê d ]^ûcôK [ôùf, icÉ PòjÜKê ]^ûcôK ù^aû Gaõ
d EYûcôK [ôùf, icÉ PòjÜKê EYûcôK ù^aû ö

@ûjêeò c¤ cìkaò¦êeê icZk _âZò f´e ù\÷Nðý 


 

| |d

a b c2 2 2

@^êiò¡û« - 2 :  icZke iû]ûeY icúKeY ax+by+cz+d = 0Kê ^ecûfþ cû]ýcùe _âKûg
Keòaû _ûAñ   a b c2 2 2  Kò´û a b c2 2 2   \ßûeû _âùZýK _\Kê bûM Keû~ûG ~\ò d
]^ûcôK Kò´û EYûcôK ùjûA[ûG ö
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C\ûjeY 34.7

^òcÜfòLôZ _âùZýK icZke icúKeYKê ^ecûfþ cû]ýcùe _âKûg Ke ö
(i) 2x–3y+4z–5 = 0 (ii) 2x+6y–3z+5 = 0
Cbd ùlZâùe cìkaò¦êeê icZk _âZò f´e ù\÷Nðý ^ò‰ðd Ke ö
icû]û^ : (i) icZke icúKeYUò ùjCQò
2x–3y+4z–5 = 0 ... (A)

(A) Kê 2 3 4 292 2 2   ( )  \ßûeû bûM Kùf @ûùc _ûAaû

2

29

3

29

4

29

5

29
0

x y z
   

   
2

29

3

29

4

29

5

29

x y z

~ûjûKò icZke ^cðûfþ cû]ýcùe _âKûgòZ icúKeY ö

GVûùe f´e ù\÷Nðý  5

29

(ii) icZke icúKeYUò 2x+6y–3z+5 = 0 ... (B)

(B) Kê      2 6 3 72 2 2( )  \ßûeû bûM Kùf _ûAaû [@^êiò¡û« (ii) Kê ù\L]

2

7

6

7

3

7

5

7
0

x y z










   
2

7

6

7

3

7

5

7

x y z

~ûjûKò icZke ^cðûf cû]ýcùe _âKûgòZ icúKeY ö

GVûùe cìkaò¦êeê icZk _âZò f´e ù\÷Nðý  5

7

C\ûjeY 34.8

~\ò cìkaò¦êeê ùMûUòG icZk _âZò @uòZ f´e _û\aò¦ê (4, –2, –5)
jêG, ùZùa icZke icúKeY ^ò‰ðd Ke ö
icû]û^ : ~\ò cìkaò¦ê O eê icZk C_ùe @uòZ f´e _û\aò¦ê P
jêG, ùZùa P e iÚû^ûu (4, –2, –5) ö

P (4, –2, –5) aò¦ê ù\A ~ûA[ôaû icZke icúKeY
a(x–4)+b(y+2)+c(z+5) = 0 ... (i)

a�ðcû^ icZk _âZò OP f´ Gaõ OP e WûAùeKþi^þ
ùKûiûA^þ 4–0, –2–0, –5–0 @[ðûZþ 4, –2, –5 ijòZ icû^ê_ûZú ö

ùZYê (i) ùe a, b Gaõ c _ûAñ ~[ûKâùc 4, –2, –5 aiûAùf @ûùc _ûAaû
4(x–4)–2(y+2)–5(z+5) = 0

PòZâ 34.4

O

P (4,–2, –5
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PòZâ 34.5

 4x–16–2y–4–5z–25 = 0
 4x–2y–5z = 45
~ûjûKò icZke icúKeY ùja ö

@ûi ̂ òùR ̂ òRKê _eLôaû34.3

1. ^òcÜfòLôZ _âùZýK icZke icúKeYKê ^cðûf cû]ýcùe _âKûg Ke ö
(i) 4x+12y–6z–28 = 0
(ii) 3y+4z+3 = 0

2. ~\ò cìkaò¦êeê icZk _âZò @uòZ f´e _û\aò¦ê (1, –3, 1) jêG, ùZùa icZke icúKeY
^ò‰ðd Ke ö

3. ~\ò cìkaò¦êeê GK icZk _âZò @uòZ f´e _û\aò¦ê (1, –2, 1) jêG, ùZùa icZke
icúKeY ^ò‰ðd Ke ö

4. iÚû^ûu @lcû^uê ùMûUòG icZk A, B Gaõ C aò¦êùe ùQ\Kùe ù~_eò ZòâbêR ABC e

beùK¦âe iÚû^ûu (a, b, c) ö _âcûY Ke ù~ Cq icZke icúKeY ùja x

a

y

b

z

c
   3ö

5. ùMûUòG icZk iÚû^ûu @lcû^uê P, Q Gaõ R aò¦êùe ùQ\ Kùe Gaõ ZòâbêR PQR e
beùK¦â ùjCQò (3, 4, –6) ö icZke icúKeY ^ò‰ðd Ke ö

34.6\êAUò icZk @«MðZ ùKûY (Angle between  two planes)

cù^Ke \êAUò icZk P
1
 Gaõ P

2
 \� @Qò ~ûjûe icúKeY

a
1
x+b

1
y+c

1
z+d

1
= 0 ... (i)

Gaõ a
2
x+b

2
y+c

2
z+d

2
 = 0 ... (ii)

cù^Ke icZk \ßd _eÆeKê GK iekùeLû l ùe ùQ\ Ke«ò Gaõ
icZk \ßde ^cðûfþ n

1
 Gaõ n

2
ö cù^Ke icZk \ßd @«MðZ ùKûY

 ö
icZk \ßde ̂ cðûf cû^ue WûAùeKþi^^þ ùKûiûA^þ ùjfû


 


 

a

a b c

b

a b c

1

1
2

1
2

1
2

1

1
2

1
2

1
2

, ,
 

c

a b c

1

1
2

1
2

1
2

Gaõ 
 


 

a

a b c

b

a b c

2

2
2

2
2

2
2

2

2
2

2
2

2
2

, ,  

c

a b c

2

2
2

2
2

2
2

  
 

   
cos

a a b b c c

a b c a b c

1 2 1 2 1 2

1
2

1
2

1
2

2
2

2
2

2
2

ù~CñVûùe cos  Kê ]^ûcôK Keòaû _ûAñ C_~êq PòjÜ aûQòaû ö



56

cWêýf-I
ùbKÖe Gaõ

ZòâcûZòâK RýûcòZò

Uò®Yú

icZk

@^êiò¡û« - 1 :

ù~ùZùaùk icZk \êAUò _eÆe _âZò f´ ùjùa, ùiùZùaùk  = 900

cos  = 0

a
1
x+b

1
y+c

1
z+d

1
 = 0 Gaõ a

2
x+b

2
y+c

2
z+d

2
 = 0 icZk \ßd _eÆe _âZò f  ́ùjaûe i�ð ùjCQò

a
1
a

2
+b

1
b

2
+c

1
c

2
 = 0

@^êiò¡û« - 2 :

~\ò icZk \ßd _eÆe icû«e ùjùa, ùZùa ùicû^u _âZò ^cðûf c¤ icû«e ùjùa ö

  
a

a

b

b

c

c
1

2

1

2

1

2

a
1
x+b

1
y+c

1
z+d

1
 = 0 Gaõ a

2
x+b

2
y+c

2
z+d

2
 = 0 icZk \ßd _eÆe icû«e ùjaû

_ûAñ i�ð ùjCQò
a

a

b

b

c

c
1

2

1

2

1

2
 

G[ôeê RYû~ûG ù~ icû«e icZk \ßde icúKeY ùKak GK ]âéaK \ßûeû bò^Ü ùjùa ö
ùZYê ax+by+cz+d = 0 icZk ijòZ icû«e ùjûA[ôaû ù~ùKøYiò icZke icúKeY ùja
ax+by+cz+k = 0, ù~CñVò k GK ]âéaK ö

C\ûjeY 34.9

3x+2y–6z+7 = 0 ... (i)

Gaõ 2x+3y+2z–5 = 0 ... (ii)

icZk \ßd @«MðZ ùKûY ^ò‰ðd Ke ö
icû]û^ : GVûùe a

1
 = 3, b

1
 = 2, c

1
 = –6

Gaõ a
2
 = 2, b

2
 = 3, c

2
 = 2

 ~\ò icZk (i) Gaõ (ii) @«MðZ ùKûYe _eòcûY  jêG, ùZùa

cos
( )

( )
 

     

    


3 2 2 3 6 2

3 2 6 2 3 2
0

2 2 2 2 2 2

 = 900

(i) Gaõ (ii) ùe \ò@û~ûA[ôaû icZk \ßd _eÆe _âZò f´ ùjùa ö
C\ûjeY 34.10

x–3y+4z–1 = 0 icZk ijòZ icû«e Gaõ (3, 1, –2) aò¦ê ù\A ~ûA[ôaû icZke icúKeY ̂ ò‰ðd Ke ö
icû]û^ : cù^Ke x–3y+4z–1 = 0 icZk ijòZ icû«e ùjûA[ôaû icZke icúKeY ùjCQò

x–3y+4z+k = 0 ... (i)

ù~ùjZê icZk (i), (3, 1, –2) aò¦ê ù\A ~ûAQò, ùZYê Gjû (3, 1, –2) \ßûeû iò¡ ùja
3–3–8+k = 0 k = 8

 ^òù‰ðd icZke icúKeY ùjCQò x–3y+4z+8 = 0



57

Uò®Yú

cWêýf-I
ùbKÖe Gaõ

ZòâcûZòâK RýûcòZò

icZk

C\ûjeY 34.11 ùMûUòG icZke icúKeY ̂ ò‰ðd Ke ~ûjû (–1, 2, 3) Gaõ (2, –3, 4) aò¦ê ù\A
~ûG Gaõ 3x+y–z+5 = 0 icZk _âZò f´ ö

icû]û^ : (–1, 2, 3) aò¦ê ù\A ~ûA[ôaû ù~ùKøYiò icZke icúKeY ùjCQò
a(x+1)+b(y–2)+c(z–3) = 0 ... (i)

ù~ùjZê icZk (i), (2, –3, 4) aò¦ê ù\A ~ûAQò, ùZYê icúKeY (i) Kê (2, –3, 4) aò¦ê
\ßûeû iò¡ Kùf _ûAaû

3a–5b+c = 0 ... (ii)

_ê^½ icZk (i) I icZk 3x+y–z+5 = 0 _eÆe _âZò f´, ùZYê
3a+b–c = 0 ... (iii)

aRâ MêY^ _¡Zòùe (ii) Gaõ (iii) eê @ûùc _ûAaû a b c

4 6 18
 

  
a b c

2 3 9

ùZYê icZke ^òù‰ðd icúKeY ùja
2(x+1)+3(y–2)+9(z–3) = 0 [(i) eê ]
 2x+3y+9z = 31

C\ûjeY 34.12 (2, –1, 5) aò¦êKê ]ûeY Keê[ôaû icZk, ~ûjûKò icZk x+2y–z = 1 Gaõ 3x–
4y+z = 5 _âùZýK _âZò f´, Zû'e icúKeY ^ò‰ðd Ke ö

icû]û^ : (2, –1, 5) aò¦Kê ]ûeY Keê[ôaû GK icZke icúKeY ùjCQò
a(x–2)+b(y+1)+c(z–5) = 0 ... (i)

ù~ùjZê Gjò icZk (i), x+2y–z = 1 Gaõ 3x–4y+z = 5  _âùZýK icZk _âZò f´, ùZYê
@ûùc _ûAaû

a1+b2+c(–1) = 0
Gaõ a3+b(–4)+c(1) = 0
a+2b–c = 0 ... (ii)

Gaõ 3a–4b+c = 0 ... (iii)

(ii) Gaõ (iii) eê @ûùc _ûAaû
a b c

2 4 3 1 4 6

 


 








a b c

2 4 10

   
a b c

1 2 5
  (cù^Ke)

a = , b = 2, c = 5

a, b Gaõ c e cû^Kê (i) ùe aiûAùf, @ûùc _ûAaû
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(x–2)+2(y+1)+5(z–5) = 0
 x–2+2y+2+5z–25 = 0
 x+2y+5z–25 = 0
~ûjûKò icZke ^òù‰ðd icúKeY

@ûi ̂ òùR ̂ òRKê _eLôaû34.4

1. ^òcÜfòLôZ icZk \ßd @«MðZ ùKûY ^ò‰ðd Ke ö
(i) 2x–y+z = 6 Gaõ x+y+2z = 3

(ii) 3x–2y+z+17 = 0 Gaõ 4x+3y–6z+25 = 0
2. _âcûY Ke ù~, ^òcÜfòLôZ icZk MêWòK _eÆe _âZò f´ ö

(i) x+2y+2z = 0 Gaõ 2x+y–2z = 0
(ii) 3x+4y–5z = 9 Gaõ 2x+6y+6z = 7

3. 2x+3y+6z+7 = 0icZk ijòZ icû«e Gaõ (2, 3, –1) aò¦êKê ]ûeY Keò[ôaû icZke icúKeY
ò̂‰ðd Ke ö

4. (–1, 1, 1) Gaõ (1, –1, 1) aò¦ê \ßdKê ]ûeY Keê[ôaû Gaõ x+2y+2z = 5 icZk _âZò f´
ùjûA[ôaû icZke icúKeY ^ò‰ðd Ke ö

5. cìkaò¦êKê ]ûeY Keê[ôaû Gaõ icZk x+2y+2z = 0 Gaõ 2x+y–2z = 0 _âùZýK _âZò f´
ùjûA[ôaû icZke icúKeY ^ò‰ðd Ke ö

34.7ùMûUòG icZk Vûeê GK aò¦êe \ìeZû(Distance of a point from a plane)

cù^Ke ^cðûf cû]ýcùe icZke icúKeY ùjCQò
x cos +y cos +z cos  =  p ù~CñVò p > 0 ... (i)

@aiÚû - I : cù^Ke P(x1, y1, z1) aò¦êUò icZke ùijò _ûgßðùe @Qò ù~Cñ _ûgßðùe cìkaò¦ê
ejòQò ö ‘P’ Kê ]ûeY Keò[ôaû Gaõ icZk (i) ijòZ icû«e ùjûA[ôaû icZk @u^ Keû~ûC ö

Gjûe icúKeY ùjCQò
x cos +y cos +z cos  = p ... (ii)

ù~CñVò p ùjCQò cìkaò¦êeê icZk (ii) _âZò f´e ù\÷Nðý ö
GYê icZk (i) Vûeê  P aò¦êe f´ \ìeZû = p – p
ù~ùjZê icZk (ii), (x, y, z) aò¦êKê ]ûeY Kùe, ùZYê
x cos +y cos +z cos  = p

icZk (i) Vûeê P aò¦êe f´ \ìeZû
p–p = p–(x cos +y cos +z cos )

@aiÚû - II : ~\ò P aò¦êUò icZke ù~Cñ _ûgßðùe cìkaò¦ê @aiÚòZ Zû'e aò_eúZ _ûgßðùe
@aiÚòZ ùjûA[ûG, ùZùa icZk (i) eê P aò¦êe \ìeZû ùjCQò



59

Uò®Yú

cWêýf-I
ùbKÖe Gaõ

ZòâcûZòâK RýûcòZò

icZk

p–p = x cos +y cos +z cos –p

flýKe : ~\ò icZke icúKeY ax+by+cz+d = 0 ùjûA[ûG, ùZùa @ûùc GjûKê _â[ùc ̂ cðûf
cû]ýcùe _âKûg Keòaû, ù~_eò _ìaðeê @ûùfûP^û Keû~ûAQò Zû'_ùe C_e iìZâ aýajûe Keòaû ö

34.8\êAUò icZk @«MðZ ùKûYe ic\ßòLŠK icZke icúKeY
(Equation of a plane bisecting the angle between two plane) :

cù^Ke a
1
x+b

1
y+c

1
z+d

1
 = 0 Gaõ a

2
x+b

2
y+c

2
z+d

2
 = 0 \êAUò icZke icúKeY ö Gjò icZk

\ßde @«MðZ ùKûYe ic\ßòLŠK icZk C_ùe ~\ò P(x
1
, y

1
, z

1
) ù~ùKøYiò aò¦ê jêG, ùZùa P aò¦êeê

\� icZk \ßd _âZò @uòZ f´e ù\÷Nðý icû^ ö


  

 
 

  

 

a x b y c z d

a b c

a x b y c z d

a b c

1 1 1 1 1 1 1

1
2

1
2

1
2

2 1 2 1 2 1 2

2
2

2
2

2
2

f´ \ßd icû^ PòjÜ Kò´û aò_eúZ PòjÜ~êq ùjùa ö
 icúKeY
a x b y c z d

a b c

a x b y c z d

a b c

1 1 1 1

1
2

1
2

1
2

2 2 2 2

2
2

2
2

2
2

  

 
 

  

 
... (i)

\� icZk \ßde @«MðZ ùKûYe ic\ßòLŠK icZk C_ùe [ôaû ù~ùKøYiò aò¦êe iÚû^ûu
\ßûeû iò¡ ùja ö

(i) ùjCQò \� icZk \ßde @«MðZ ùKûYe ic\ßòLŠK icZk cû^ue icúKeY ö

cù^eL : Zêùc cù^ eL ù~, @ûùc \êAUò icZke @«MðZ ùKûYe ic\ßòLŠK bûaùe \êAUò
icZk _ûAaû ö

C\ûjeY 34.13

icZk 3x–2y+5z+17 = 0 Vûeê (1, 2, 3)aò¦êe \ìeZû ^ò‰ðd Ke ö
icû]û^ : ^òù‰ðd \ìeZû


     

  


3 1 2 2 5 3 17

3 2 5

31

382 2 2( )
 GKK

C\ûjeY 34.14

\êAUò icZk x–2y+3z–6 = 0 Gaõ 2x–4y+6z+17 = 0 c¤a�ðú \ìeZû ^ò‰ðd Ke ö
icû]û^ : icZk \ßde icúKeY ùjCQò
x–2y+3z–6 = 0 ... (i)

2x–4y+6z+17 = 0 ... (ii)
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GVûùe
1

2

2

4

3

6





( )

( )

 icZk \ßd (i) Gaõ (ii) _eÆe icû«e
(6, 0, 0) aò¦ê ùjCQò icZk (i) C_ùe @aiÚòZ ù~ùKøYiò GK aò¦ê ö
 icZk (i) Gaõ (ii) c¤a�ðú \ìeZû = aò¦ê (6, 0, 0) e icZk (ii) Vûeê \ìeZû


     

  

2 6 4 0 6 0 17

2 4 62 2 2( )


29

56
GKK


29

2 14
GKK

C\ûjeY 34.15

3x–2y+6z+8 = 0 Gaõ 2x–y+2z+3 = 0 icZk \ßd @«MðZ ùKûY-ic\ßòLŠK icZke
icúKeY ^ò‰ðd Ke ö

icû]û^ : ùKûY ic\ßòLŠK icZke ^òù‰ðd icúKeY ùjCQò

3 2 6 8

3 2 6

2 2 3

2 1 22 2 2 2 2 2

x y z x y z  

  
 

  

  ( ) ( )


  

 
  3 2 6 8

7

2 2 3

3

x y z x y z

 9x–6y+18z+24 = +(14x–7y+14z+21)

Kò´û 9x–6y+18z+24 = –(14x–7y+14z+21)

 5x–y–4z = 3

Kò´û 23x–13y+32z+45 = 0

@ûi ̂ òùR ̂ òRKê _eLôaû34.5

1. ^ò‰ðd Ke:
(i)  icZk 5x–2y+3z+11 = 0 Vûeê (2, –3, 1) aò¦êe \ìeZû
(ii) icZk 2x–3y+3z+27 = 0 Vûeê (3, 4, –5) aò¦êe \ìeZû

2. ^òcÜfòLôZ icZk \ßd c¤a�ðú \ìeZû ^ò‰ðd Ke ö
3x+y–z–7 = 0 Gaõ 6x+2y–2z+11 = 0

3. \� icZk \ßde @«MðZ ùKûY -ic\ßòLŠK icZke icúKeY ^ò‰ðd Ke ö
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(i) 2x+y–2z = 4 Gaõ 2x–3y+6z+2 = 0
(ii) 3x–4y+12z = 26 Gaõ x+2y–2z = 9
(iii) x+2y+2z–9 = 0 Gaõ 4x–3y+12z+13 = 0

34.9 \êAUò icZke iìPK ic\ßòNûZú icúKeY (Homogenetus equation
of second degree representing two planes)

cù^Ke \êAUò icZke icúKeY
       A  a

1
x+b

1
y+c

1
z+d

1
 = 0 ... (i)

Gaõ B  a
2
x+b

2
y+c

2
z+d

2
 = 0 ... (ii)

icúKeY AB = 0 i´§ùe aòPûe Ke ö
@[ðûZþ (a

1
x+b

1
y+c

1
z+d

1
)(a

2
x+b

2
y+c

2
z+d

2
) = 0 ... (iii)

(i) Gaõ (ii) Kê iò¡ Keê[ôaû aò¦êcû^ue iÚû^ûu \ßûeû icúKeY (iii) c]ý iò¡ ùja ö
@[ðûZþ A = 0 Kò́ û B = 0 eê _âû¯ icÉ aò¦ê icúKeY AB = 0 \ßûeû iìPòZ _éÂZk C_ùe @aiÚû^ Keòa ö

_ê^½ AB = 0 ùjCQò x, y Gaõ z i´kòZ ùMûUòG \ßòNûZ icúKeY
x, y Gaõ z i´kòZ GK \ßòNûZ icúKeY, icZk ~êMàKê iìPûAa ~\ò Gaõ ùKak ~\ò

GjûKê \êAUò GKNûZú MêY^údKe MêY`k bûaùe ùfLû ~ûA_ûeòa (_âùZýK MêY^údKKê Ròùeû ijòZ
icû^ ù^ùf ùMûUòG icZke icúKeY ùja) ö

flýKe : Pkeûgò x, y Gaõ z i´kòZ GK iû]ûeY ic\ßòNûZ icúKeYKê C_ôû\KúKeY Keòaû
_ûAñ @ûùc ^òcÜùe GK MêeêZß_ì‰ð Z[ý ù\CQê ö

iû]ûeY ic\ßòNûZ icúKeY ùjCQò
ax2+by2+cz2+2hxy+2fyz+2gxz = 0 ... (A)

(A) Kê @ûùc \êAUò GKNûZú MêY^údKe MêY`k bûaùe ùfLô_ûeòaû ~\ò Gaõ ùKak ~\ò
abc+2fgh–af2–bg2–ch2 = 0

_ê^½ icZk \ßd @«MðZ ùKûY  _ûAñ @ûùc _ûAaû

tan 
    

 
f g h ab bc ca

a b c

2 2 22

Gjûe _âcûY Gjò @¤ûd _eòie bêq ^êùjñ ö
C\ûjeY 34.16

_âcûY Ke ù~, icúKeY  8x2–3y2–10z2+10xy+17yz+2xz = 0

cìkaò¦ê ù\A ~ûA[ôaû icZk ~êMàe icúKeY ùja ö @ûjêeò c¤ icZk \ßd @«MðZ ùKûYe
_eòcûY ^ò‰ðd Ke ö

icû]û^ : GVûùe a = 8, b = –3, c = –10, h = 5, f 
17

2
 Gaõ g = 1

 abc+2fgh–af2–bg2–ch2

    FHG
I
KJ8 3 10 2

17

2
1( )( ) ( )(5)  FHG

I
KJ  8

17

2
3 1 10

2
2 2( ) (5)
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= 240+85–578+3+250
= 578–578 = 0
 \� icúKeY 8x2–3y2–10z2+10xy+17yz+2xz = 0 cìkaò¦ê ù\A ~ûA[ôaû icZk

~êMàe icúKeY @ùU ö
icZk \ßd @«MðZ ùKûYe _eòcûY  ùjùf

tan 
    

 
2 2 2 2f g h ab bc ac

a b c


    


 

2
289

4
1 25 24 30 80

5

2

5

689

4

  
L
NM

O
QP

 tan 1 2

5

689

4

@ûi ̂ òùR ̂ òRKê _eLôaû34.6

1. _âcûY Ke ù~, icúKeY 2x2–6y2–12z2+18yz+2xz+xy = 0 GK icZk ~êMàe
icúKeY ö icZk \ßd @«MðZ ùKûYe _eòcûY ^ò‰ðd Ke ö

2. \gðû@ ù~ icúKeY 6x2+4y2–10z2+3yz+4xz–11xy = 0 GK icZk ~êMà ùja Gaõ
icZk \ßd @«MðZ ùKûYe _eòcûY ^ò‰ðd Ke ö
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_eògòÂ
Zòù^ûUò Pkeûgò x, y Gaõ z i´§òZ GK iû]ûeY ic\ßòNûZú ù_ûfòù^ûcò@ûfe

C_ôû\KúKeY _ûAñ GK aòùgh _âYûkú ö
C\ûjeY Êeì_ ^òcÜ ic\ßòNûZú ù_ûfòù^ûcò@ûfþ ^ò@û~ûC
8x2–3y2–10z2+10xy+17yz+2xz ... (i)

(i) ùe z = 0 _âùdûM Kùf, @ûùc _ûAaû
8x2–3y2+10xy

= 8x2+12xy–2xy–3y2

= 4x(2x+3y)–y(2x+3y)

= (2x+3y)(4x–y) ... (A)

(i) ùe y = 0 _âùdûM Kùf, @ûùc _ûAaû
8x2+2xz–10z2 = 8x2+10xz–8xz–10z2

= 2x(4x+5z)–2z(4x+5z)

= (4x+5z)(2x–2z) ... (B)

(i) ùe x = 0 _âùdûM Kùf, @ûùc _ûAaû

–3y2–10z2+17yz

Kò´û, 3y2–17yz+10z2

= 3y2–2yz–15yz+10z2

= y(3y–2z)–5z(3y–2z)

= (3y–2z)(y–5z) ... (C)

(A), (B) Gaõ (C) Kê GKZâ Kùf @ûùc (i) e C_ôû\K _ûAaû

(4x–y+5z) Gaõ (2x+3y–2z)

 8x2–3y2–10z2+10xy+17yz+2xz  (4x–y+5z)(2x+3y–2z)

x, y Gaõ z i´kòZ icÉ ic\ßòNûZú ù_ûfòù^ûcò@ûf _ûAñ Gjò _âYûkú _âùdûM Keû~ûA_ûeòa ö
cù^eL : (i) (A) e C_ôû\K (2x+3y) Gaõ (B) e C_ôû\K (2x–2z) Kê ù\L ö ù~ùjZê
Cbdùe 2x iû]ûeY, ùZYê (2x+3y–2z) ùMûUòG iµì‰ð C_ôû\K ö ùijò_eò (A) e (4x–y) Gaõ
(B) e (4x+5z) Kê ù\L ö @ûùc _ûAaû iµì‰ð C_ôû\KUò (4x–y+5z) ö
(ii) icúKeY 8x2 – 3y2 – 10z2 + 10xy + 17yz + 2zx = 0 \ßûeû iìPòZ \êAUò icZke
icúKeY ùjCQòò 4x–y+5z = 0 Gaõ 2x+3y–2z = 0
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(iii) @ûi ^òùR ^òRKê _eLôaû 34.6 ùe \ò@û~ûA[ôaû icZk ~êMàe icúKeY ^ò‰ðd Ke ù~_eò
_eògòÂùe \ò@û~ûAQò ö

34.10 ZòâbêRe ùlZâ`k (Area of a Triangle)

cù^Ke GK icZke ^cðûfþe WûAùeKþi^þ ùKûiûA^þ cos , cos  Gaõ cos  Gaõ icZke
ùlZâ`k A ö Zû'_ùe

(i) yz - icZk C_ùe, ùlZâ`k A e @bòùl_ A
1
 = A cos 

(ii) xz - icZk C_ùe, ùlZâ`k A e @bòùl_ A
2
 = A cos 

(iii) xy - icZk C_ùe, ùlZâ`k A e @bòùl_ A
3
 = A cos 

     A A A A A A1
2

2
2

3
2 2 2 2 2 2 2cos cos cos  

  A2 2 2 2(cos cos cos )  

= A2 (ù~ùjZê cos2+cos2+cos2 = 1)

@ûùc Gjò _âYûkúKê ZòâbêRe ùlZầ k ̂ ò‰ðd _ûAñ aýajûe Keòaû ö cù^Ke ZòâbêR ABC e gúhðaò¦ê
~[ûKâùc A(x

1
, y

1
, z

1
), B(x

2
, y

2
, z

2
) Gaõ C(x

3
, y

3
, z

3
) Gaõ cù^Ke ZòâbêRe ùlZầ k  ö cù^Ke

iÚû̂ ûu-icZk C_ùe @bòùl_ ~[ûKâùc 
xy

,
yz
 Gaõ 

zx
ö

xy - icZk C_ùe gúhðaò¦ê A, B Gaõ C e @bòùl_ ~[ûKâùc

(x
1
, y

1
, 0), (x

2
, y

2
, 0) Gaõ (x

3
, y

3
, 0) ö

      xy x y y x y y x y y
1

2 1 2 3 2 3 1 3 1 2( ) ( ) ( )


1

2

1

1

1

1 1

2 2

3 3

x y

x y

x y
 ... (A)

(cù^ _Kû@ ù~, Zêùc \ßòcûZâòK iÚû^ûu RýûcòZòùe (x
1
, y

1
), (x

2
, y

2
) Gaõ (x

3
, y

3
) gúhðaò¦ê

aògòÁ ZòâbêRe ùlZâ`k ^ò‰ðd KeòQ ~ûjû GVûùe (A) ùe \ò@û~ûAQò ö

ùijò_eò yz

y z

y z

y z


1

2

1

1

1

1 1

2 2

3 3

 Gaõ zx

z x

z x

z x


1

2

1

1

1

1 1

2 2

3 3

      2 2 2 2( ) ( ) ( )xy yz zx
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  

L

N

MMMM

O

Q

PPPP

1

4

1

1

1

1

1

1

1

1

1

1 1

2 2

3 3

2
1 1

2 2

3 3

2
1 1

2 2

3 3

2x y

x y

x y

y z

y z

y z

z x

z x

z x

~ûjû ùÆgþùe [ôaû ZòâbêRe ùlZâ`ke iìZâ ö
C\ûjeY 34.17

(1, 5, 2), (1, 2, –3) Gaõ (3, 2, –1) gúhðaò¦ê aògòÁ ZòâbêRe ùlZâ`k ^ò‰ðd Ke ö

icû]û^ : GVûùe ( ) xy
2

2

1

4

1 5 1

1 2 1

3 2 1



     
1

4
1 2 2 5 1 3 1 2 6 2( ) ( ) ( )   

1

4
10 4 92( )

( )yz
2

2

1

4

5 2 1

2 3 1

2 1 1

 



       
1

4
5 3 1 2 2 2 1 2 6 2( ) ( ) ( )    

1

4
10 4 92( )

( )zx
2

2

1

4

2 1 1

3 1 1

1 3 1

 



       
1

4
2 1 3 1 3 1 1 9 1 2( ) ( ) ( )     

1

4
4 2 8 252( )

2 = 9+9+25 = 43

  43  aMð GKK

@ûi ̂ òùR ̂ òRKê _eLôaû34.7

1. ^òcÜfòLôZ gúhðaò¦ê cû^uê ù^A MVòZ ZòâbêRe ùlZâ`k ^ò‰ðd Ke ö
(i) (2, –5, 3), (1, –7, 4) Gaõ (2, –3, 5)
(ii) (3, 0, 1), (4, –1, –1) Gaõ (3, –2, –2)
(iii) (a, 0, 0), (0, b, 0) Gaõ (0, 0, c)

@ûùc ~ûjû gòLôùf
 GK icZk ùjCQò GK _éÂ ù~_eòKò Gjû C_ùe [ôôaû ù~ùKøYiò \êAUò aò¦êe iõù~ûRK

ùeLû iµì‰ð bûaùe ùijò icZk C_ùe @aiÚû^ Kùe ö
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 GK icZke iû]ûeY icúKeY ùjCQò ax+by+cz+d = 0

 ùMûUòG aò¦ê (x
1
, y

1
, z

1
) ù\A ~ûA[ôaû icZke icúKeY ùjCQò

a(x–x
1
)+b(y–y

1
)+c(z–z

1
) = 0

 ùMûUòG aò¦ê ù\A @iõLý icZk i¸a ùja ö

 GK icZke icúKeY Ax+By+Cz+1 = 0 ùe Zòù^ûUò Êû]ú^ ]îaK @Qò ö

 Zòù^ûUò aò¦ê (x
1
, y

1
, z

1
), (x

2
, y

2
, z

2
) Gaõ (x

3
, y

3
, z

3
) ù\A ~ûA[ôôaû icZke icúKeY

ùjCQò

x x y y z z

x x y y z z

x x y y z z

  

  

  


1 1 1

2 1 2 1 2 1

3 1 3 1 3 1

0

 ùQ\ûõg cû]ýcùe _âKûgòZ GK icZke icúKeY ùjCQò x

a

y

b

z

c
   1 ù~CñVò x, y I z

iÚû^ûu @l C_ùe icZke ùQ\ûõg ~[ûKâùc a, b Gaõ c ö

 ^cðûfþ cû]ýcùe _âKûgòZ GK icZke icúKeY ùjCQò lx+my+nz = p ù~CñVò l, m, n
ùjCQ«ò icZk _âZò ^cðûfþe WûAKþi^þ ùKûiûA^ Gaõ cìkaò¦êeê icZk _âZò @uòZ f´e
ù\÷Nðý ùjCQò p ö

 ~\ò \êAUò icZk a
1
x+b

1
y+c

1
z+d

1
 = 0 Gaõ a

2
x+b

2
y+c

2
z+d

2
 = 0 @«MðZ ùKûY 

jêG, ùZùa

cos  
 

   

a a b b c c

a b c a b c

1 2 1 2 1 2

1
2

1
2

1
2

2
2

2
2

2
2

 \êAUò icZk _eÆe _âZò f´ ùjùa ~\ò I ùKak ~\ò a
1
a

2
+b

1
b

2
+c

1
c

2
 = 0

 \êAUò icZk _eÆe ijòZ icû«e ùjùa ~\ò I ùKak ~\ò
a

a

b

b

c

c
1

2

1

2

1

2
 

 GK icZk x y z pcos cos cos      eê ùMûUòG \� aò¦ê (x, y, z) e \ìeZû ùjCQò
| ( cos cos cos )|p x y z        , ù~CñVûùe ( , , )x y z    aò¦êUò icZke ù~Cñ _ûgßðùe
cìkaò¦ê  ejòQò ùijò _ûgßðùe @aiÚòZö

 \êAUò icZk a
1
x+b

1
y+c

1
z+d

1
 = 0 Gaõ a

2
x+b

2
y+c

2
z+d

2
 = 0 @«MðZ ùKûY-ic\ßòLŠK

icZke icúKeY ùjCQò
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a x b y c z d

a b c

a x b y c z d

a b c

1 1 1 1

1
2

1
2

1
2

2 2 2 2

2
2

2
2

2
2

  

 
 

  

 

 ùMûUòG ic\ßòNûZú icúKeY ax2+by2+cz2+2hxy+2fyz+2gzx = 0 GK icZk ~êMàKê
iìPûG ~\ò I ùKak ~\ò abc+2fgh–af2–bg2–ch2 = 0

 ùMûUòG ZòâbêRe gúhðaò¦ê ~[ûKâùc (x
1
, y

1
, z

1
), (x

2
, y

2
, z

2
) Gaõ (x

3
, y

3
, z

3
) ùjùf, Cq

ZòâbêRe ùlZâ`ke aMð

  

L

N

MMM

O

Q

PPP
1

4

1

1

1

1

1

1

1

1

1

1 1

2 2

3 3

2

1 1

2 2

3 3

2

1 1

2 2

3 3

2
x y

x y

x y

y z

y z

y z

z x

z x

z x

ijûdK ùIßaþ iûAUþ
 http://www.wikipedia.org

 http://mathworld.wolfram.com

_ûV ùgh @býûi Kû~ðý
1. (–2, 5, 4) aò¦ê ù\A ~ûA[ôaû icZke icúKeY ^ò‰ðd Ke ö
2. \êAUò \� aò¦ê (2, 1, 4) Gaõ (2, 6, 4) e iõù~ûRK ùeLûLŠKê 2 : 3 @^ê_ûZùe @«aòðbûR^

Keê[ôaû icZke icúKeY ^ò‰ðd Ke ö
3. (1, 1, 0), (1, 2, 1) Gaõ (–2, 2, –1) aò¦êZâd ù\A ~ûA[ôaû icZke icúKeY ^ò‰ðd

Ke ö
4. \gðû@ ù~ PûùeûUò aò¦ê (0, –1, –1), (4, 5, 1), (3, 9, 4) Gaõ (–4, 4, 4) GK icZkùe

@aiÚòZ ö @ûjêeò c¤ ùijò icZke icúKeY ^ò‰ðd Ke ö
5. (1, –2, –3) aò¦êeê GK icZk C_ùe @u^ Keû~ûA[ôaû f´e _û\aò¦ê (3, 2, –1) ùjùf

icZke icúKeY ^ò‰ðd Ke ö
6. x+y+2z = 9 Gaõ 2x–y+z = 15 icZk \ßd @«MðZ ùKûY ^ò‰ðd Ke ö
7. _âcûY Ke ù~ 3x–5y+8z–2 = 0 Gaõ 12x–20y+32z+9 = 0 icúKeY \ßûeû iìPòZ

icZk \ßd icû«e ö
8. ‘k’ e cìfý ^ò‰ðd Ke ù~_eòKò 3x–2y+kz–1 = 0 Gaõ x+ky+5z+2 = 0 icZk \ßd

_eÆe _âZò f´ ùjùaö
9. 2x–3y–5z = 7 icZkVûeê (3, 2, –5)aò¦ê e \ìeZû ^ò‰ðd Ke ö
10. 2x–y+2z+3 = 0 Gaõ 3x–2y+6z+8 = 0 icZk \ßde ùKûY-ic\ßòLŠK icZke

icúKeY ^ò‰ðd Ke ö
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11. _âcûY Ke ù~ icúKeY 6x2–12y2+4z2+xy+13yz–14xz = 0 cìkaò¦ê ù\A ~ûA[ôaû
icZk ~êMàKê iìPûGö icZk \ßde icúKeY ^ò‰ðd Ke Gaõ ùicû^u @«MðZ ùKûYe
_eòcûY iÚòe Ke ö

12. (1, 2, 1), (3, 4, –2) Gaõ (4, 2, –1) aò¦êZâd \ßûeû MVòZ ZòâbêRe ùlZâ`k ^ò‰ðd Keö
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C�e cûkû

@ûi ò̂ùR ò̂RKê _eLôaû 34.1

1. ax+by+cz = 0

2. ax+by+c(z+2) = 0

3. a(x–5)+b(y+7)+c(z–3) = 0

4. a x
x x

b y
y y


F

HG
I
KJ  

F
HG

I
KJ

1 2 1 2

2 2
 

F
HG

I
KJ c z

z z1 2

2
0

5. a(x–2)+b(y–2)+c(z+3) = 0

@ûi ò̂ùR ò̂RKê _eLôaû 34.2

1. (a) 5x+2y–3z–17 = 0 (b) 3x–y+z = 0
(c) x+2y–z = 4

2.
x y z

2 3 4
1  

3. x, y I z iÚû^ûu - @l C_ùe ùQ\ûõg MêWòK ~[ûKâùc 12, 8, 6

@ûi ò̂ùR ò̂RKê _eLôaû 34.3

1. (i)
4

14

12

14

6

14
2

x y z
   (ii)   

3

5

4

5

3

5
y z

2. x–3y+z–11 = 0
3. x–2y+z–6 = 0
4. 4x+3y–2z = 36

@ûi ò̂ùR ò̂RKê _eLôaû 34.4

1. (i) 

3

(ii)

2

3. 2x+3y+6z = 7

4. 2x+2y–3z+3 = 0
5. 2x–2y+z = 0

@ûi ò̂ùR ò̂RKê _eLôaû 34.5

1. (i)
30

38
 GKK (ii)

6

22
GKK

2.
25

2 11
GKK
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cWêýf-I
ùbKÖe Gaõ

ZòâcûZòâK RýûcòZò

Uò®Yú

icZk

3. (i)  10x–y+2z–11 = 0 ; 4x+8y–16z–17 = 0
(ii)  4x+38y–62z–39 = 0 ; 22x+14y+10z–195 = 0
(iii) 25x+17y+62z–78 = 0 ; x+35y–10z–156 = 0

@ûi ò̂ùR ò̂RKê _eLôaû 34.6

1. cos FHG
I
KJ

1 16

21
3.

2

@ûi ò̂ùR ò̂RKê _eLôaû 34.7

1. (i) 11  aMð GKK

(ii)
14

2
 aMð GKK

(iii)
1

2
2 2 2 2 2 2( )a b b c c a   aMð GKK

_ûVùgh @býûiKû~ðý
1. a(x+2)+b(y–5)+c(z–4) = 0
2. a(x–2)+b(y–3)+c(z–4) = 0
3. 2x+3y–3z–5 = 0
4. 5x–7y+11z+4 = 0
5. x+2y+z = 6

6.

3

8. k = –1

9.
18

38

10. 5x–y–4z–3 = 0 ; 23x–13y+32z+45 = 0

11. 3x–4y–z = 0 ; 2x+3y–4z = 0 ; cos
F
HG

I
KJ

1 2

26 29

12. 1

2
77  aMð GKK


