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22

ZòâùKûYcòZòK ̀ k^e @aKk^
ZâòùKûYcòZò MYòZe G_eò GK gûLû, ~ûjûe aýajûe CyZe MYòZe Kk^ MYòZ, \ògûu (vector)
MYòZ, ZâòcûZâòK RýûcòZò, `k^-jeûZàK I iek `k^ @û\òùe @^òaðû~ðý ö ùKùZK ^òŸòðÁ iúcû c¤ùe
ZòâùKûYcòZòK `k^ c¤ aêýZþKâc ù\A[ûG ö
a�ðcû^ _âgÜCùV : a�ðcû^ iê¡û @ûùc @aKkR ^ò‰ðd ùlZâùe ù~Cñ iaê ^òdc _ûAfêYò, Zûjû iaê
ZâòùKûYcòZòK `k^ _ûAñ _â~êRý Z ?
Gjò _ûVùe @ûùc _ìùaðûq _âgÜe icû]û^ ùLûRòaû Gaõ Gjò _âKâòdûùe @ûùc ZâòùKûYcòZòK `k^ I
_âZòùfûc ZâòùKûYcòZúd `k^e @aKkR ^ò‰ðd Keòaû _ûAñ iìZâ iÚòe Keòaû ö @^ý[û Kêjû ^ ~òaû ~ûG
ZâòùKûYcòZúd `k^ I _âZòùfûc ZâòùKûYcòZúd `k^ ùlZâùe ùeWòdû^þ cû_e aýajûe Keû~òa ö

CùŸgý
Gjò_ûV _Xÿòaû _ùe, Zêùc

 _â[c iò¡û«eê ZâòùKûYcòZòK `k^e @aKkR ^ò‰ðd Keò_ûeòa ö
 _â[c iò¡û«eê _âZòùfûc ZâòùKûYcòZúd `k^e @aKkR ^ò‰ðd Keò_ûeòa ö
 ZòâùKûYcòZòK `k^ I _âZòùfûc ZâòùKûYcòZúd `k^e @aKkR ^ò‰ðd Keòaûùe MêY`k

^údc, bûM`k ^òdc I gévk ^òdce _âùdûM Keò_ûeòa ö Gaõ ùMûUòG `k^e \ßòZúd
@Wÿðe @Kk^  ^ò‰ðd Keò_ûeòa ö

_âZýûgòZ _ìaðmû^
 ùKûYe `k^ bûaùe ZâòùKûYcòZòK @^ê_ûZ `k^ i´§úd mû^
 ZâòùKûYcòZòK `k^e cû^K iúcû, ~[û :

(i) lim sin
x

x



0

0 (ii) lim
sin

x

x

x


0
1 (iii) lim cos

x
x




0
1 (iv) lim

tan
x

x

x


0
1

 @aKkRe iõmû I GK `k^e @aKkR ^ò‰ðd Keòaû fûMò ^òdc ö
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21.1 _â[c iò¡û« _¡Zò \ßûeû ZâòùKûYcòZòK ̀ k^e @aKkR
(i) cù^Keû~ûC y = sin x

x e cû^ùe GK lê\â aé¡ò x ^ò@û~ûC Gaõ Z\^ê~ûdú ye cû^ùe NUê[ôaû aé¡ò y ùjC ö
y + y = sin (x+x)

Gaõ y = sin (x + x) – sin x

 LNM
O
QPcos sinx

x x
2 2   FHG

I
KJ








y

x
x

x
x

x
2

2
2cos

sin

lim lim cos lim
sin

cos
  







x x x

y

x
x

x
x

x
x

  
 FHG

I
KJ 

0 0 02
2

2

1

GYê, dy

dx
x

x

xx
 

L

N

MMM

O

Q

PPP
cos lim

sin





0

2

2

1

@[ðûZþ d

dx
x x(sin ) cos

(ii) cù^Keû~ûC y = cos x

x e cû^ùe x GK lê\â aé¡ò _ûAñ y e cû^ùe iµéq aé¡ò y ùjC ö
y + y = cos (x+x)

Gaõ y = cos (x+x) – cos x

  FHG
I
KJ2

2 2
sin sinx

x x 

   FHG
I
KJ 








y

x
x

x
x

x
2

2
2sin

sin

lim lim sin lim
sin

sin
  







x x x

y

x
x

x
x

x
x

  
  FHG

I
KJ   

0 0 02
2

2

1

GYê dy

dx
x  sin

@[ðûZþ d

dx
x x(cos ) sin 
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(iii) ]eò^ò@û~ûC y = tan x

xe cû^ùe GK lê\â aé¡ò x _ûAñ, ye cû^ùe NUê[ôaû iµéq aé¡ò ùjC y ö
y = y = tan (x+x)

Gaõ y = tan (x+x) – tan x






sin ( )

cos( )

sin

cos

x x

x x

x

x





    


sin ( ) cos sin cos( )

cos( ) cos

x x x x x x

x x x

 



 


sin[( ) ]

cos( ) cos

x x x

x x x





 
sin

cos( ) cos




x

x x x

  






 

y

x

x

x x x x

sin

cos( ) cos

1

aû lim lim
sin

lim
cos( ) cos  





 x x x

y

x

x

x x x x  
 

0 0 0

1

  L
NM

O
QP

1
1

1
2 0cos

lim
sin

x

x

xx






= sec2x

GYê dy

dx
x sec2

@[ðûZþ d

dx
x x(tan ) sec 2

(iv) ]eò^ò@û~ûC y = sec x

x e cû^ùe GK lê\â aé¡ò x _ûAñ, ye cû^ùe NUê[ôaû iµéq aé¡ò ùjC y ö
y + y = sec(x+x)

Gaõ y = sec(x+x) – sec x





1 1

cos( ) cosx x x


 


cos cos( )

cos( ) cos

x x x

x x x





LNM
O
QP



2
2 2

sin sin

cos( ) cos

x
x x

x x x

 


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 
FHG
I
KJ












y

x

x
x

x x x

x

x

sin

cos( ) cos

sin
2 2

2

 
FHG
I
KJ

  
lim lim

sin

cos( ) cos
lim

sin

  










x x x

y

x

x
x

x x x

x

x0 0 0

2 2

2

 
sin

cos

x

x2
1

   
sin

cos cos
tan sec

x

x x
x x

1

Gjò_eò, dy

dx
x x sec tan

@[ðûZþ, d

dx
x x x(sec ) sec tan 

ùijò_eò @ûùc \gðûA _ûeòaê ù~,
d

dx
x x(cot ) cosec  2

Gaõ d

dx
x x x(cosec ) cosec cot  

C\ûjeY 22.1  _â[c iò¡û« \ßûeû cot x2 e @aKkR ^ò‰ðd Ke ö
icû]û^ : y = cot x2

x e cû^ùe GK lê\â aé¡ò x _ûAñ ye cû^ùe NUê[ôaû iµéq aé¡ò ùjC y,

y + y = cot (x + dx)2

Gaõ y = cot (x  + x)2 – cot x2






cos( )

sin( )

cos

sin

x x

x x

x

x




2

2

2

2


    


cos( ) sin cos sin( )

sin( ) sin

x x x x x x

x x x

 


2 2 2 2

2 2


 


sin[ ( ) ]

sin ( ) sin

x x x

x x x

2 2

2 2





 


sin[ ( ) ]

sin ( ) sin

2 2

2 2

x x x

x x x

 

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
 


sin[( ) ]

sin( ) sin

2
2 2

x x x

x x x

 


 
 





 
 

y

x

x x x

x x x x

sin[( ) ]

sin ( ) sin

2
2 2

  




  

lim lim
sin[( ) ]

( )
lim

sin( ) sin  




 
 


x x x

y

x

x x x

x x x

x x

x x x0 0 0 2 2

2

2

2

aû
dy

dx

x

x x

x x x

x x xx
  








L
NM

O
QP

1
2 2

2
1

2 2 0sin sin
lim

sin[( ) ]

( )

 
 





2 2

2 2 2 2

x

x

x

x(sin ) sin

= –2xcosec2x2

GYê d

dx
x x x(cot ) cosec2 2 22  

C\ûjeY 22.2 _â[c iò¡û«eê cosec x e @aKkR ^ò‰ðd Ke ö

icû]û^ : ]eò^ò@û~ûC y  cosec x

Gaõ y y x x   cosec ( )

 
   

 


 


y

x x x x x x

x x x

cosec ( ) cosec cosec ( ) cosec

cosec ( ) cosec


 
 

cosec( ) cosec

cosec( ) cosec

x x x

x x x









 

1 1
sin ( ) sin

cosec ( ) cosec

x x x

x x x





 

  

sin sin ( )

cosec( ) cosec sin ( ) sin

x x x

x x x x x x



 

 
FHG
I
KJ

 

2
2 2

cos sin

cosec cosec sin( )

x
x x

x x x x

 

d i

lim lim
cos

cosec( ) cosec

sin /
/

[sin ( ) sin ] 










x x

y

x

x
x

x x x

x
x

x x x 
 

FHG
I
KJ

 


 0 0

2
2

2

aû dy

dx

x

x


 cos

(cosec x) (sin )2 2e j
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 
1

2

1
2(cosec ) (cosec cot )x x x

GYê d

dx
x x x xcosec (cosec ) (cosec cot )d i   1

2

1

2

C\ûjeY 22. 3 _â[c iò¡û«eê sec2xe @aKkR ^ò‰ðd Ke ö

icû]û^ : cù^Keû~ûC y = sec2x

Gaõ y + y = sec2(x+x)

ùZYê, y = sec2(x+x) – sec2x


 


cos cos ( )

cos ( ) cos

2 2

2 2

x x x

x x x





   


sin[( ) ]sin[( ) ]

cos ( ) cos

x x x x x x

x x x

 
2 2





sin ( ) sin

cos ( ) cos

2
2 2

x x x

x x x

 





 
 

y

x

x x x

x x x x



 

sin( ) sin

cos ( ) cos

2
2 2

a�ðcû^ lim lim
sin ( ) sin

cos ( ) cos 




 
 x x

y

x

x x x

x x x x 



 0 0 2 2

2

dy

dx

x

x x


sin

cos cos

2
2 2

  
2

2
2 2

2sin cos

cos cos
tan sec

x x

x x
x x

= 2 sec x (sec xtan x)

= 2 sec x (sec x tan x)

@ûi ̂ òùR ̂ òRKê _eLôaû22.1

1. _â[c iò¡û«eê ^òcÜ `k^cû^ue x iûù_l @aKkR ^ò‰ðd Ke :
(a) cosec x (b) cot x (c) cos 2x

(d) cot 2x (e) cosec x2 (f) sin x

2. ^òcÜ `k^cû^ue @aKkR ^ò‰ðd Ke :
(a) 2 sin2x (b) cosec2x (c) tan2x
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22.2 ZòâùKûYcòZòK ̀ k^cû^ue @aKkR
_â[c iò¡û«eê Kò_eò ZâòùKûYcòZòK `k^cû^ue @aKkR ^ò‰ðd Keû~ûG, Zûjû @ûùc gòLôQê ö aòKÌ
_¡Zòùe Gjò `k^MêWÿòKê `k^e `k^ eìù_ ù^A Kò_eò @aKkR ^òeì_Y Kû~ðý Keû~ûG Zûjû c¤
ù\LôQê ö Gjò @aKkRcû^ue KòQò @]ôK C\ûjeY @ûùc a�ðcû^ ù\Lôaû ö

C\ûjeY 22. 4 ^òcÜ `k^cû^ue @aKkR ^ò‰ðd Ke :

(i) sin 2x (ii) tan x (iii) cosec (5x3)

icû]û^ : (i) cù^Keû~ûC y = sin 2x = sin t ù~CñVò t = 2x

 
dy

dt
tcos  Gaõ dt

dx
 2

gévk ^òdc \ßûeû dy

dx

dy

dt

dt

dx
  ,  @ûùc _ûAaû

dy

dx
t t x   cos ( ) cos cos2 2 2 2

GYê d

dx
x x(sin ) cos2 2 2

(ii) cù^Keû~ûC y x tan

= tan t ù~CñVò t x

 
dy

dt
tsec2  Gaõ dt

dx x


1

2

gévk ^òdc \ßûeû, dy

dx

dy

dt

dt

dx
  ,  @ûùc _ûAaû

dy

dx
t

x

x

x
  sec

sec2
21

2 2

GYê, d

dx
x

x

x
tan

secd i 
2

2

aòKÌ _¡Zò : cù^Keû~ûC y x tan

dy

dx
x

d

dx
x

x

x
 sec

sec2
2

2
d i

(iii) cù^Keû~ûC y = cosec (5x3)

    
dy

dx
x x

d

dx
xcosec ( ) cot ( ) ( )5 5 53 3 3

= –15x2 cosec (5x3) cot (5x3)
aû Zêùc t = 5x3 ù^A c¤ icû]û^ Keò_ûe ö
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C\ûjeY 22. 5 ^òcÜiÚ _âùZýK `k^e @aKkR ^ò‰ðd Ke :

(i) y = x4 sin 2x(ii) y
x

x


sin

cos1

icû]û^ :  (i) y = x4 sin 2x

  
dy

dx
x

d

dx
x x

d

dx
x4 42 2(sin ) sin ( ) [MêY`k ^òdc _âùdûM Ke]

= x4 (2 cos 2x) + sin 2x (4x3)
= 2x4 cos 2x + 4x3 sin 2x
= 2x3[x cos 2x + 2 sin 2x]

(ii) y
x

x


sin

cos1


2

2 2

2
2

2

sin cos

cos

x x

x

 tan
x

2

   FHG
I
KJ 

dy

dx

x d

dx

x x
sec sec2 2

2 2

1

2 2

aòKÌ _¡Zò : Zêùc bûM`k ^òdc aýajûe Keò c¤ Gjò @aKkR ^ò‰ðd Keò_ûe ö

cù^Keû~ûC y
x

x


sin

cos1

 
    


dy

dx

x
d
dx

x x
d
dx

x

x

( cos ) (sin ) sin ( cos )

( cos )

1 1

1 2


  


( cos ) (cos ) sin ( sin )

( cos )

1

1 2

x x x x

x


 


cos cos sin

( cos )

x x x

x

2 2

21





(cos )

( cos )

x

x

1

1 2




1

1 cosx

 
1

2
2

1

2 22

2

cos
sec

x
x
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C\ûjeY 22. 6 ^òcÜ`k^cû^ue x iûù_l @aKkR ^ò‰ðd Ke :

(i) cos2x (ii) sin3 x

icû]û^ : cù^Keû~ûC y = cos2x

= t2 ù~CñVò t = cos x

 
dy

dt
t2  Gaõ dt

dx
x  sin

gévk ^òdc aýajûe Keò dy

dx

dy

dt

dt

dx
  ,  @ûùc _ûAaû

dy

dx
x x  2 cos ( sin )

= –2 cos x sin x = –sin 2x

(i) cù^Keû~ûC y x sin3

  dy

dx
x

d

dx
x

1

2
3 1 2 3(sin ) (sin )/

  
1

2
3

3

2

sin
sin cos

x
x x


3

2
sin cosx x

GYê d

dx
x x xsin sin cos3 3

2
FH IK 

C\ûjeY 22. 7
dy

dx
 ^ò‰ðd Ke, ù~ùZùaùk

(i) \� @Qò : y
x

x





1

1

sin

sin
(ii) y = a(1–cos t), x = a(t + sin t)

icû]û^ : (i) y
x

x





1

1

sin

sin

dy

dx

x

x

d

dx

x

x




L
NM
O
QP 



L
NM
O
QP


1

2

1

1

1

1

1
2sin

sin

sin

sin






   


1

2

1

1

1 1

1 2

sin

sin

( cos )( sin ) ( sin ) (cos )

( sin )

x

x

x x x x

x
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







F
HG

I
KJ

1

2

1

1

2

1 2

sin

sin

cos

( sin )

x

x

x

x

 







1

1

1

1

2

2

sin

sin

sin

( sin )

x

x

x

x

 
 






1 1

1

1

12

sin sin

( sin ) sin

x x

x x

GYê, dy

dx x
 


1

1 sin

aòKÌ _¡Zò : Gbkò aMðcìk ̀ k^e @aKkR ̂ ò‰ðd Keòaûe iêaò]û C_ûd ùjCQò jee _eòùcdKeY

y
x

x

x

x











1

1

1

1

sin

sin

sin

sin






1

1 2

sin

sin

x

x


1 sin

cos

x

x

= sec x – tan x

    
dy

dx
x x x

x

x x
sec tan sec

sin

cos cos
2

2 2

1





 


sin

sin sin

x

x x

1

1

1

12

(ii) x = a(t+sin t), y = a(1–cos t)

   
dx

dt
a t

dy

dt
a t( cos ), (sin )1

gévk ^òdc C_ù~ûM Keò, dy

dx

dy

dt

dt

dx
 

 


dy

dx

a t

a t

(sin )

( cos )1

 
2

2 2

2
2

22

sin cos

cos
tan

t t

t
t
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C\ûjeY 22. 8 _âgÜùe iìPòZ aò¦êVûùe ^òcÜ `k^ `k^cû^ue @aKkR ^ò‰ðd Ke :

(i) y x x x   sin ( ) ,2 2 5
2

2  Vûùe

(ii) y = cot x + sec2x + 5, x = /6 Vûùe
icû]û^ : (i) y = sin 2x + (2x–5)2

    
dy

dx
x

d

dx
x x

d

dx
xcos ( ) ( ) ( )2 2 2 2 5 2 5

= 2 cos 2x + 4(2x–5)

x 

2

 Vûùe, dy

dx
  2 4 5cos ( ) 

= –2 + 4 – 20
= 4 – 22

(ii) y = cot x + sec2x + 5

   
dy

dx
x x x xcosec sec (sec tan )2 2

= –cosec2x + 2 sec2x tan x

x 

6

 Vûùe, dy

dx
  cosec sec tan2 2

6
2

6 6

  

   4 2
4

3

1

3

  4
8

3 3

C\ûjeY 22.9 ~\ò sin y = x sin (a+y), _âcûY Ke ù~
dy

dx

a y

a


sin ( )

sin

2

icû]û^ : \� @Qò ù~

sin y = x sin(a + y) aû x
y

a y



sin

sin( ) ... (1)

(1)e Cbd _ûgßðe x iûù_l @aKkR ^ò‰ðd Kùf ö @ûùc _ûAaû

1
2


  


L
NM

O
QP

sin ( ) cos sin cos( )

sin ( )

a y y y a y

a y

dy

dx

aû 1
2


 


L
NM

O
QP

sin ( )

sin ( )

a y y

a y

dy

dx
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aû
dy

dx

a y

a


sin ( )

sin

2

C\ûjeY 22. 10 ~\ò y x x  sin sin ...@iúc _~ðý«

_âcûY Ke ù~
dy

dx

x

y



cos

2 1

icû]û^ : \� @Qò ù~

y x x  sin sin ...@iúc _~ðý«

aû y x y sin  aû y2 = sin x + y

Cbd _ûgßðùe x iûù_l @aKk^ _âKâòdû iµû\^ Kùf, @ûùc _ûAaû

2y
dy

dx
x

dy

dx
 cos  aû ( ) cos2 1y

dy

dx
x 

GYê
dy

dx

x

y



cos

2 1

@ûi ̂ òùR ̂ òRKê _eLôaû22.2

1. ^òcÜiÚ _âùZýKe x iûù_l @aKkR ^ò‰ðd Ke :

(a) y = 3 sin 4x (b) y = cos 5x (c) y x tan

(d) y x sin (e) y = sin x2 (f) y x 2 2tan

(g) y = cot 3x (h) y = sec 10 x (i) y = cosec 2x

2. ^òcÜiÚ _âùZýK `k^e @aKkR ^ò‰ðd Ke :

(a) f x
x

x
( )

sec

sec





1

1
(b) f x

x x

x x
( )

sin cos

sin cos



 (c) f(x) = x sin x

(d) f(x) = (1+x2) cos x (e) f(x) = x cosec x (f) f(x) = sin 2x cos 3x

(g) f x x( ) sin 3

3. ^òcÜiÚ _âùZýK `k^e @aKkR ^ò‰ðd Ke :
(a) y = sin3x (b) y = cos2x (c) y = tan4x

(d) y = cot4x (e) y = sec5x (f) y = cosec3x

(g) y x sec (h) y
x x

x x





sec tan

sec tan
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4. iìPòZ aò¦êùe ^òcÜiÚ `k^cû^ue @aKkR ^ò‰ðd Ke :

(a) y x x FHG
I
KJ cos ,2

2 3

 
(b) y

x

x
x




1

4

sin

cos
,



5. ~\ò y x x x  tan tan tan ...@iúc _~ðý«

\gðû@ ù~ ( ) sec2 1 2y
dy

dx
x 

6. ~\ò cos y = x cos (a+y),

_âcûY Ke ù~
dy

dx

a y

a


cos ( )

sin

2

22.3 _â[c iò¡û«eê _âZòùfûc ZòâùKûYcòZúd ̀ k^cû^ue @aKkR ̂ òeì_Y
@ûùc a�ðcû^ _â[c iò¡û«eê cû^K _âZòùfûc ZâòùKûYcòZúd `k^, ~[û : sin–1x, cos–1x, tan–1x
cû^ue @aKkR ^ò‰ðd Keòaû ö

(i) @ûùc a�ðcû^ \gðûAaû ù~ _â[c iò¡û« \ßûeû sin–1xe x iûù_l @aKkR ùja
d

dx
x

x
(sin )

( )

 


1

2

1

1

cù^Keû~ûC y = sin–1x ö ùZùa x = sin y Gaõ `kùe x + x = sin (y + y)

ù~ùjZê x0, y0
a�ðcû^, x = sin (y+y) – sin y

 
 

1
sin ( ) siny y y

x




[Cbd _lKê x \ßûeû bûM Keò]

aû 1
 


sin ( ) siny y y

y

y

x







 
 


 

1
0 0

lim
sin( ) sin

lim
 





y x

y y y

y

y

x [ y0 ù~ùZùaùk x0]


FHG
I
KJ
F
HG
I
KJ

L

N

MMMM

O

Q

PPPP


lim
cos sin



 

y

y y y

y0

2
1
2

1
2

.

 (cos )y
dy

dx

dy

dx y y x
 






1 1

1

1

12 2cos ( sin ) ( )
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 


d

dx
x

x
(sin )

( )

1

2

1

1

(ii)
d

dx
(cos x)

1

(1 x )
1

2

  


sin–1x ùlZâùe ù~_eò _âcûY Keû~ûA[ôfû, GVûùe c¤ ùi_eò _âcûY Keû~ûA_ûeòa ö
(iii) a�ðcû^ @ûùc \gðûAaû ù~

d
dx

(tan x)
1

1 x
1

2
 


cù^Keû~ûC y = tan–1x, ùZùa x = tan y

GYê x + x = tan(y y)

a�ðcû^ x = tan(y +y) – tan y

 
 

1
tan( ) tany y y

y

y

x







 
 


 

1
0 0

lim
tan( ) tan

lim
 





y x

y y y

y

y

x

[ y0, ù~ùa x0]






RST

UVW
L
NM

O
QP



lim

sin( )
cos( )

sin
cos





y

y y
y y

y
y

y
dy

dx0

 
  
 

dy

dx

y y y y y y

y y y yy
lim

sin( ) cos cos( ) sin

cos( ) cos

 
 0

 
 

  
L
NM

O
QP

dy

dx

y y y

y y y yy
lim

sin ( )

cos( ) cos


 0

  


L
NM

O
QP

dy

dx

y

y y y yy
lim

sin

cos( ) cos


 0

1

   
dy

dx y

dy

dx
y

1
2

2

cos
sec

  





dy

dx y y x

1 1

1

1

12 2 2sec tan

 


d

dx
x

x
(tan )1

2

1

1

(iv)
d

dx
(cot x)

1
1 x

1
2

  


tan–1x ùlZâùe ù~_eò _âcûY Keû~ûA[ôfû ùi_eò _âcûY Keû~òa ö
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(v) _â[c iò¡û«eê @ûùc _ûAaû
d

dx
(sec x)

1

x (x 1)
1

2

 


cù^Keû~ûC y = sec–1x ö ùZùa x = sec y

GYê x + x = sec(y + y)

ù~ùjZê x0, @ûjêeò c¤ y0
a�ðcû^ x = sec(y + y) – sec y

 
 

1
sec( ) secy y y

y

y

x







1
0 0


 


 

lim
sec ( ) sec

lim
 





y x

y y y

y

y

x [  y0 ù~ùa x0]

 
FHG
I
KJ
F
HG
I
KJ

 

dy

dx

y y
y

y y y yy
lim

sin sin

cos cos( )




 0

2
1
2 2

 
FHG
I
KJ




L

N

MMMM

O

Q

PPPP


dy

dx

y y

y y y

y

yy
lim

sin

cos cos( )

sin









0

1
2 2

2

   
dy

dx

y

y y

dy

dx
y y

sin

cos cos
sec tan

  





dy

dx y y y y x x

1 1

1

1

12 2sec tan sec (sec ) ( )

  


d

dx
x

x x
(sec )1

2

1

1

(vi)
d

dx
(cosec x)

1

x (x 1)
1

2

 


sec–1x ùlZâùe ù~_eò _âcûY Keû~ûA[ôfû, ùijò_eò _âcûY Keòa ö

C\ûjeY 22. 11 _â[c iò¡û«eê sin–1(x2)e @aKkR ^ò‰ðd Ke :
icû]û^ : cù^Ke y = sin–1x2

x2 = sin y

a�ðcû^ (x+x)2 = sin(y+y)

( ) sin( ) sinx x x

x

y y y

x

 


 





2 2
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
 
 


FHG
I
KJ
 

  
lim

( )

( )
lim

cos sin
lim

  




 



x y x

x x x

x x x

y
y y

y
y

x0

2 2

0 0

2
2

2
2

2

 [ x0 ùaùk y0]

  2x y
dy

dx
cos

  





dy

dx

x

y

x

y

x

x

2 2

1

2

12 4cos sin

C\ûjeY 22. 12 ùWfÖû _¡Zòùe sin1 x  e x iûù_l @aKkR ^ò‰ðd Ke :

icû]û^ : cù^Ke y x sin 1

 sin y x ... (1)

@ûjêeò c¤ sin( )y y x x    ... (2)

(1) I (2)eê _ûAaû
sin( ) siny y y x x x     

aû 2
2 2

cos siny
y y x x x x x x

x x x
FHG
I
KJ
F
HG
I
KJ 

   

 
   



d id i


FHG
I
KJ
F
HG
I
KJ


 

2
2 2 1

cos siny
y y

x x x x

 

 

aû






 
y

x
y

y
y

y x x x
 FHG

I
KJ 
F
HG
I
KJ


 
cos

sin

2
2

2

1

  FHG
I
KJ 

F
HG
I
KJ

  
lim lim cos lim

sin

  







x y y

y

x
y

y
y

y0 0 02
2

2


 

lim
 x x x x0

1
(y0, ù~ùa x0)

aû
dy

dx
y

x
cos 

1

2
 aû

dy

dx x y x y x x
 





1

2

1

2 1

1

2 12cos sin

 


dy

dx x x

1

2 1
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@ûi ̂ òùR ̂ òRKê _eLôaû22.3

1. _â[c iò¡û«eê ^òcÜiÚ _âùZýKe @aKkR ^ò‰ðd Ke :

(i) cos–1x2 (ii)
cos1 x

x
(iii) cos1 x

(iv) tan–1x2 (v)
tan1 x

x
(vi) tan1 x

22.4 _âZòùfûc ZòâùKûYcòZúd ̀ k^e @aKkR ̂ òeì_Y
_ìað @^êùz\ùe, _â[c iò¡û« \ßûeû _âZòùfûc ZâòùKûYcòZúd `k^e @aKk^ ^ò‰ðd Keòaû gòLô[ôfê ö
a�ðcû^ @ûùc ùijò _âZòùfûc ZâòùKûYcòZúd `k^e @aKkR ^ò‰ðd @^ý aòKÌ _¡Zòùe KeòaûKê
gòLôôaû ö @ûùc cû^K _âZòùfûc ZâòùKûYcòZúd `k^, ~[û : sin–1x, cos–1x @û\òeê @ûe¸ Keòaû ö

(i) sin–1xe @aKkR
icû]û^ : cù^Keû~ûC y = sin–1x

x = sin y ... (i)
y iûù_l @aKk^ Keò
dx

dy
y cos

  
dx

dy
y1 2sin ... [(i) Kê aýajûe Keò]

aû
1 1

1 2dx
dy

y


 sin

 





dy

dx y x

1

1

1

12 2sin
dy

dx dx
dy



L

N

MMMM

O

Q

PPPP
1

GYê
d

dx
x

x
[sin ] 



1

2

1

1

ùij_eò \gðû~ûA_ûeòa ù~
d

dx
x

x
[cos ] 





1

2

1

1

(ii) tan–1x e @aKkR ^òeì_Y :
icû]û^ : cù^Ke tan–1x = y

x = tan y

y iûù_l @aKk^ Keò
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dx

dy
y sec2

Gaõ
dy

dx y


1
2sec




1

1 2tan y  [ @ûùc tan y Kê xcû¤cùe _âKûg KeòQê]



1

1 2x

GYê d

dx
x

x
(tan ) 


1

2

1

1

ùijò_eò,
d

dx
x

x
(cot ) 




1
2

1

1
(iii) sec–1x e @aKkR ^òeì_Y :
icû]û^ : cù^Ke sec–1x = y

x = sec y Gaõ dy

dx
y y sec tan

 
dy

dx y y

1

sec tan


 

1

12sec [ sec ]y y


 

1

12sec secy y




1

12| | secx y

UúKû : (i) ù~ùZùaùk x > 1, sec y ùjCQò ]^ûZàK Gaõ tan y ]^ûZàK, yFHG
I
KJ0

2
,


(ii) ù~ùZùaùk, x < –1, sec y EYûZàK I tan y EYûZàK, yFHG
I
KJ




2
,

GYê
d

dx
x

x x
(sec )

| |

 


1

2

1

1

ùijò_eò d

dx
x

x x
(cosec )

| |

 




1

2

1

1

C\ûjeY 22. 13 ^òcÜiÚ _âùZýKe @aKkR ^ò‰ðd Ke :
(i) sin1 x (ii) cos–1x2 (iii) (cosec–1x)2

icû]û^ : (i) cù^Ke y x sin 1
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 


dy

dx
x

d

dx
x

1

1
2d i
d i



 1

1

1

2
1 2

x
x /




1

2 1x x

 


d

dx
x

x x
sin 1 1

2 1
(ii) cù^Ke y = cos–1x2

dy

dx x

d

dx
x






1

1 2 2

2

( )
( )







1

1
2

4x
x( )

 



d

dx
x

x

x
(coses )1 2

4

2

1
(iii) cù^Ke y = (cosec–1x)2

dy

dx
x

d

dx
x  2 1 1(cosec ) (cosec )

 




2
1

1

1

2
(cosec )

| |
x

x x






2

1

1

2

cosec

| |

x

x x

 





d

dx
x

x

x x
(coses )

cosec

| |

1
1

2

2

1

C\ûjeY 22. 14 ^òcÜiÚ _âùZýKe @aKkR ^ò‰ðd Ke :

(i) tan
cos

sin



1

1

x

x
(ii) sin (2 sin–1x)

icû]û^ : (i) cù^Ke y
x

x



tan

cos

sin
1

1


FHG
I
KJ

 FHG
I
KJ

tan
sin

cos

1 2

1
2





x

x


FHG
I
KJ FHG

I
KJ

FHG
I
KJ

tan
sin cos

cos

1

2

2
4 2 4 2

2
4 2

 



x x

x
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 FHG
I
KJ

L
NM

O
QP  tan tan1

4 2 4 2

 x x

  
dy

dx

1

2

(ii) y = sin (2 sin–1x)

icû]û^ : cù^Ke y = sin(2sin–1x)

   dy

dx
x

d

dx
xcos( sin ) ( sin )2 21 1

  


dy

dx
x

x
cos( sin )2

2

1

1

2




2 2

1

1

2

cos( sin )x

x

C\ûjeY 22. 15  \gðû@ ù~ tan


1
2

2

1

x

x
e sin


1

2

2

1

x

x
 iûù_l @aKkR ùjCQò 1

icû]û^ : cù^Ke y
x

x



tan 1

2

2

1
 I z

x

x



sin 1

2

2

1

cù^Ke x = tan 

 


y tan
tan

tan
1

2

2

1




 Gaõ z 


sin
tan

tan
1

2

2

1




y = tan–1(tan 2) Gaõ z = sin–1(sin 2)
y = 2 Gaõ z = 2

 
dy

d
2  Gaõ dz

d
 2

dy

dx

dy

d

d

dz
    



2
1

2
1  (gévk ^òdc \ßûeû)

@ûi ̂ òùR ̂ òRKê _eLôaû22.4

^òcÜ`k^MêWÿòKe x iûù_l @aKkR ^ò‰ðd Ke Gaõ (1–3)e `kû`kKê iekZc eì_ùe _âKûg
Ke ö

1. (a)sin–1x2 (b) cos1
2

x
(c) cos1

1

x

2. (a) tan–1(cosec x – cot x) (b) cot–1(sec x + tan x) (c) tan
cos sin

cos sin
 


1 x x

x x

3. (a) sin(cos–1x) (b) sec(tan–1x) (c) sin–1(1–2x2)
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(d) cos–1(4x3–3x) (e) cot  FH IK1 21 x x

4. @aKkR ^ò‰ðd Ke :
tan

tan





1

11

x

x
e tan–1x @aKkR iûù_l ö

22.5 \ßòZúd @Wðe @aKkR
@ûùc RûYê ù~ ùMûUòG `k^e \ßòZúd @Wðe @aKkR ùjCQò `k^Uòe _â[c @aKkRe @aKkR ö
Gjò bûMùe, @ûùc ZâòùKûYcòZòK Gaõ _âZòùfûc ZòâùKûYcòZúd `k^cû^ue \ßòZúd @Wðe @aKkR
^òeì_Y Keòaû ö Gjò _âKòâdûùe @ûùc MêY^ ^òdc, bûM ^òdc I gévk ^òdce aýajûe Keòaû ö

@ûi KòQò C\ûjeYe @ûùfûP^û Keòaû ö
C\ûjeY 22. 16  \ßòZúd @Wðe @aKkR ^ò‰ðd Ke :
(i) sin x (ii) x cos x (iii) cos–1x

icû]û^ : (i) cù^Ke, y = sin x
Cbd _ûgßðùe, x iûù_l @aKk^ _âKâòdû iµû\^ Kùf, _ûAaû
dy

dx
x cos

_ê^½ Cbd _ûgßðe x iûù_l @aKk^ \ßûeû _ûAaû
d y

dx

d

dx
x x

2

2
  (cos ) sin

  
d y

dx
x

2

2
sin

(ii) cù^Ke, y = x cos x
Cbd _ûgßðe x iûù_l @aKk^ \ßûeû _ûAaû
dy

dx
x x x   ( sin ) cos 1

dy

dx
x x x  sin cos

_ê^½ Cbd _ûgßðe x iûù_l @aKk^ ù^ùf, _ûAaû
d y

dx

d

dx
x x x

2

2
  ( sin cos )

= –(x cos x + sin x) – sin x
= –x cos x – 2 sin x

   
d y

dx
x x x

2

2
2( cos sin )

(iii) cù^Ke y = cos–1x
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Cbd _ûgßðe x iûù_l @aKk^ \ßûeû _ûAaû

dy

dx x x
x









   1

1

1

1
1

2 2 1 2
2 1 2

( )
( )

/
/

Cbd _ûgßðe x iûù_l @aKk^ ù^ùf, _ûAaû

d y

dx
x x

2

2
2 3 21

2
1 2 


   L
NM

O
QP

( ) ( )/

 


x

x( ) /1 2 3 2

 



d y

dx

x

x

2

2 2 3 21( ) /

C\ûjeY 22. 17 ~\ò y = sin–1x, \gðû@ ù~ (1–x2)y
2
 – xy

1
 = 0 ù~CñVò y

2
I y

1
~[ûKâùc ye

x iûù_l \ßòZúd @Wðe I _â[c @Wðe @aKkRKê iìPòZ Ke«ò ö

icû]û^ : \� @Qò y = sin–1x

Cbd _ûgßðe x iûù_l @aKk^ ù^ùf, _ûAaû

dy

dx x




1

1 2

aû dy

dx x

F
HG
I
KJ  

2

2

1

1
(Cbd _ûgßðe aMð ù^A)

aû ( )1 12
1
2 x y

Cbd _ûgßðe x iûù_l @aKk^ ù^ùf, _ûAaû

( ) ( ) ( )1 2 2 02
1 1 1

2     x y
d

dx
y x y

aû ( )1 2 2 02
1 2 1

2   x y y xy

aû (1–x2)y
2
 – xy

1
 = 0

@ûi ̂ òùR ̂ òRKê _eLôaû22.5

1. ^òcÜiÚ _âùZýKe \ßòZúd @Wðe @aKkR ^ò‰ðd Ke :
(a) sin (cos x) (b) x2 + tan–1(x)

2. ~\ò y x 1

2
1 2(sin )  jêG, \gðû@ ù~ (1–x2)y

2
 – xy

1
 = 1
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3. ~\ò y = sin (sin x) jêG, _âcûY Ke ù~ d y

dx
x

dy

dx
y x

2

2
2 0  tan cos

4. ~\ò y = x + tan x, \gðû@ ù~ cos2
2

2
2 2 0x

d y

dx
y x  

@ûùc ~ûjû gòLôùf :

 (i)
d

dx
x x(sin ) cos (ii)

d

dx
x x(cos ) sin 

(iii)
d

dx
x x(tan ) sec 2 (iv)

d

dx
x x(cot ) cosec  2

(v)
d

dx
x x x(sec ) sec tan (vi)

d

dx
x x x(cosec ) cosec cot 

 ~\ò x e GK @aKk^úd `k^ u jêG, ùZùa

(i)
d

dx
u u

du

dx
(sin ) cos (ii)

d

dx
u u

du

dx
(cos ) sin 

(iii)
d

dx
u u

du

dx
(tan ) sec 2 (iv)

d

dx
u u

du

dx
(cot ) cosec  2

(v)
d

dx
u u u

du

dx
(sec ) sec tan (vi)

d

dx
u u u

du

dx
(cosec ) cosec cot 

 (i)
d

dx
x

x
(sin ) 



1

2

1

1
(ii)

d

dx
x

x
(cos ) 





1

2

1

1

(iii)
d

dx
x

x
(tan ) 


1

2

1

1
(iv)

d

dx
x

x
(cot ) 




1
2

1

1

(v)
d

dx
x

x x
(sec )

| |

 


1

2

1

1
(vi)

d

dx
x

x x
(cosec )

| |

 




1

2

1

1

 ~\ò xe GK @aKk^úd `k^ u jêG, ùZùa

(i)
d

dx
u

u

du

dx
(sin ) 


1

2

1

1
(ii)

d

dx
u

u

du

dx
(cos ) 




1

2

1

1

(iii)
d

dx
u

u

du

dx
(tan ) 


1

2

1

1
(iv)

d

dx
u

u

du

dx
(cot ) 



1

2

1

1

(v)
d

dx
u

u u

du

dx
(sec )

| |

 

1

2

1

1
(vi)

d

dx
u

u u

du

dx
(cosec )

| |

 



1

2

1

1

 GK ZâòùKûYcòZòK ̀ k^e \ßòZúd @Wðe @aKkR ùjCQò Cq ̀ k^e _â[c @Wðe @aKkRe
@aKkR ö
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ijûdK ùIßaþ iûAUþ
 http://www.wikipedia.org

 http://mathworld.wolfram.com

_ûV ùgh @býûi Kû~ðý

1. ~\ò y x
x dy

dx
 3 2

2
tan ,  ^ò‰ðd Ke ö

2. x 

2

 Gaõ 0 Vûùe d

dx
x xsin cos4 4 e cû^ ^ò‰ðd Ke :

3. ~\ò y
x

x
x


 

5

1
2 1

23

2

( )
cos ( )  jêG, dy

dx
 ^ò‰ðd Ke ö

4. ~\ò sec sin 






1 11

1

1

1

x

x

x

x
 jêG, ùZùa \gðû@ ù~ dy

dx
 0

5. ~\ò x= a cos3, y = a sin3 jêG, ùZùa 1
2

 FHG
I
KJ

dy

dx
 ^ò‰ðd Ke ö

6. ~\ò y x x x
dy

dx
   ... ,  jêG, ^ò‰ðd Ke ö

7. sin–1xe cos 1 21 x  iûù_l @aKkR ^ò‰ðd Ke ö

8. ~\ò y = cos (cos x) jêG, _âcûY Ke ù~ d y

dx
x

dy

dx
y x

2

2
2 0    cot sin

9. ~\ò y = tan–1x jêG, _âcûY Ke ù~ (1+x)2 y
2
 + 2xy

1
 = 0

10. ~\ò y = (cos–1x)2 jêG, \gðû@ ù~ (1–x2)y
2
 – xy

1
 – 2 = 0
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C�e cûkû

@ûi ò̂ùR ò̂RKê _eLôaû 22.1
1. (a) – cosec x cot x (b) –cosec2x (c) –2 sin 2x

(d) –2 cosec22x (e) –2x cosec x2 cot x2 (f)
cos

sin

x

x2

2. (a) 2 sin 2x (b) –2 cosec2x cot x (c) 2 tan x sec2x

@ûi ò̂ùR ò̂RKê _eLôaû 22.2

1. (a)12 cos 4x (b) –5 sin 5x (c)
sec2

2

x

x
(d)

cos x

x2

(e) 2x cos x2 (f) 2 2 22sec x (g) –3 cosec23x

(h) 10 sec 10x tan 10 x (i) –2 cosec 2x cot 2x

2. (a)
2

1 2

sec tan

(sec )

x x

x  (b)



2
2(sin cos )x x (c) x cos x + sin x

(d) 2x cos x – (1+x)2 sin x (e) cosec x (1 – x cot x)

(f) 2 cos 2x cos 3x – 3 sin 2x sin 3x (g)
3 3

2 3

cos

sin

x

x

3. (a) 3 sin2x cos x (b) –2 sin x (c) 4tan3x sec2x (d) –4 cot3x cosec2x

(e) 5 sec5x tan x (f) –3 cosec3x cotx (g)
sec tanx x

x2

(h) sec x(sec x + tan x)

4. (a) 1 (b) 2 2

@ûi ò̂ùR ò̂RKê _eLôaû 22.3

1. (i)




2

1 4

x

x
(ii)





 1

1 2

1

2
x x

x

x

cos
(iii)





1

2 1
1
2x x

(iv)
2

1 4

x

x
(v)

1

1 2

1

2x x

x

x( )

tan






(vi)
1

2 1
1
2x x

@ûi ò̂ùR ò̂RKê _eLôaû 22.4

1. (a)
2

1 4

x

x
(b)





1

4 2x
(c)

1

12x x 
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2. (a)
1

2
(b) 

1

2
(c) –1

3. (a) 


cos(cos )1

21

x

x
(b)

x

x
x

1 2
1


sec(tan )

(c)




2

1 2x
(d)





3

1 2x
(e)



1

2 1 2( )x

4.
1

1 1 2( tan )  x

@ûi ò̂ùR ò̂RKê _eLôaû 22.5
1. (a) –cos x cos(cos x) – sin2x sin (cos x)

(b)
2 2

1
2

2

2 2
1x x

x
x

( )

( )
tan




 

_ûVùgh / @býûi Kû~ðý

1. x
x x

x
x3 2 2 2

2 2
3

2
tan sec tan 2. 0, 0

3.
5 3

3 1

2 4 2
5
3

( )

( )

sin ( )




 
x

x

x 5. |sec |

6.
1

2 1y  7.
1

2 1 2 x


