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21

@aKk^
@aKk^ MYòZ (differential calculus) _â[ùc 1665 aû 1666 icdùe _âa�ðòZ ùjûA[ôfû ö
ù~ùZùaùk @ûARûKþ ^òCU^þ _â[c Keò GK _¡Zò Pò«û Keò[ôùf ~ûjûKê @ûùc a�ðcû^ @aKk^
(differentiation) (GK MûYòZòK _âKâòdû ~ûjû\ßûeû _âû¯ `kû`kKê @aKkR (derivative Kêjû~ûG)
ùaûfò RûYòQê ö ̂ òCU^þ I fòaþ^òRþu \ßûeû ùjûA[ôaû Cnûa^ c¤ùe ù~øMòK ̀ k^ cû^ue ù~ûM, MêY^
I bûMe @aKkR ^òeì_Y Keòaûe ^òdc Z[û @ù^K `kû`k @«bêðq [ôfû ö
Gjò _ûVùe @ûùc GK `k^e @aKk^e iõmû _âKeY Keòaê, Gjûe RýûcòZòK Z[û ùbøZòK aýûLýû
_â\û^ Keòaê, @aKkRe aòbò^Ü ^òdc @ûùfûP^û Keòaê I ùMûUòG `k^e \ßòZúd @Wðe @aKkR
i´§úd @ûùfûP^ûe @ûe¸ Keòaê ö

CùŸgý
Gjò _ûV _Xÿò iûeòaû _ùe, Zêùc

 x = a Vûùe GK `k^ y = f(x)e @aKkRKê iõmûKéZ Keò_ûeòa I Gjûe RýûcòZòK aýûLýû
_â\û^ Keò_ûeòa ö

 _âcûY Keò_ûeòa ù~ GK ]îaK `k^ f(x) = c e @aKkR gì^ @ùU ö
 _â[c iò¡û«eê f(x) = xn, nQ e @aKkR ̂ ò‰ðd Keò_ûeòa Gaõ GjûKê _âùdûM Keò aòbò^Ü

`k^e @aKkR ^ò‰ðd Keò_ûeòa ö
 cf(x), [f(x) g(x)] @ûKéZò aògòÁ `k^e Z[û _fòù^ûcò@ûf `k^e @aKkR ^ò‰ðd

Keò_ûeòa ö
 \êAUò `k^e MêY^ I bûM \ßûeû _âû¯ `k^e @aKkR ^ò‰ðd Keòaû ^òdc Kjò_ûeòaû iùw

iùw Gjûe _âùdûM Keò_ûeòa ö
 gévk ^òdc Kjò_ûeòa I ùMûUòG `k^e @aKkR fûMò Gjûe _âùdûM Keò_ûeòa ö
 aúRMûYòZòK `k^ (_eòùcd `k^ ij)e @aKkR ^ò‰ðd Keò_ûeòa, Gaõ
 GK `k^e \ßòZúd @Wðe @aKkR ^ò‰ðd Keò_ûeòa ö

_âZýûgòZ _ìaðmû^
 ù~ùKøYiò NûZûu ùlZâùe \ßò_\ - _âùcd
 `k^ I ùicû^ue ùfLPòZâ
 GK `k^e iúcû i´§úd ]ûeYû
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21.1 GK `k^e @aKk^
ùMûUòG `k^ y = x2 I Gjûe ùfLPòZâ C_eòiÚ ùMûUòG aò¦ê (5, 25) K[û aòPûe Ke ö ~\ò xe cû^
5eê 51, 501, 5001, ..., @û\òKê a\ùk, ùZùa @^êeì_ bûùa y e cû^ 25eê 2601, 251001,
25010001, ... Kê a\ùk ö xe cû^ùe GK ùQûU _eòa�ð^ ù~ûMê, ye cû^ùe c]ý KòQò ùQûU
_eòa�ð^ NUò[ûG ö xe cû^ùe NUò[ôaû ùQûU _eòa�ð^Kê x iùuZ \ßûeû Gaõ ye cû^ùe NUò[ôaû
iµéq ùQûU _eòa�ð^Kê y iùuZ \ßûeû iìPûA [ûC Gaõ x I y ]^ûZàK aû EYûZàK ~ûjû jê@«ê
_ùQ @ûùc ùi \êAUòKê (@[ðûZþ x I yKê) @ûùc x I ye cû^e aé¡ò ùaûfò Kjò[ûC ö Gjò aé¡ò \ßde

@^ê_ûZ 

y

x
Kê aé¡òe @^ê_ûZ Kêjû~ûG ö GVûùe (5, 25) aò¦êVûùe y = x2 fûMò _â\� iûeYúùe @ûùc

_ûAaû x = 01, 001, 0001, 00001, ... y = 101, 1001, 0010001, 000100001, ...
x 51 501 5001 50001
x 1 01 001 0001
y 2601 251001 25010001 2500100001
y 101 01001 0010001 000100001



y

y 101 1001 10001 100001

@ûùc C_eòiÚ iûeYúeê ^òcÜ _~ðýùalY Keòaû :
(i) xe _eòa�ð^ ùjùf, ye _eòa�ð^ ùjûA[ûG ö

(ii) x 0 ùjùf, y0

(iii) @^ê_ûZ 

y

x
 GK iõLýû 10e ^òKUa�ðú ùjûA[ûG ö

GYê, Gjò C\ûjeYeê @ûùc ù\Lôùf ù~ x0 ùjùf, y0, cûZâ 

y

y
 GK iiúc iõLýûe

^òKUa�ðú ùjûA[ûG Gaõ iõLýûUò gì^ ^ ùjûA_ûùe ö Gjûe iúcû lim



x

y

x0
Kê icZêfý bûaùe dy

dx

\ßûeû iìPòZ Keû~ûG ö dy

dx
Kê ye x iûù_l @aKkR Kêjû~ûG Gaõ GjûKê ye x iûù_l @aKkR

ijM (differential coefficient of y with respect to x) ùaûfò _Xû~ûG ö

@[ðûZþ, lim



x

y

x

dy

dx
 

0
10  ~ûjûKò C_eòiÚ C\ûjeYùe còkòQò ö flý Ke ù~ ù~ùZùaùk x I

y ùQûU ùQûU iõLýû (aé¡ò), ùiùZùaùk Gjò ùQûU ùQûU iõLýûe @^ê_ûZ 

y

x
GK ̂ òŸòðÁ cû^ 10e

^òKUa�ðú ùjûA[ûG ö
iû]ûeY bûaùe GK `k^ K[û aòPûe Keòaû ö `k^Uò ùjC
y = f(x) ... (i)
@aKk^ ̂ ò‰ðd Keòaû fûMò xe cû^ùe ùQûU _eòa�ð^ x ^ò@û~ûC ö ̀ kùe xe ̂ ìZ^ aû _eòa�ðòZ
cû^ ùja x + x ù~CñVò f(x) iõmûKéZ @ùU ö ye cû^ùe c¤ _eòa�ð^ NUòa ö Gjò _eòa�ð^Kê y
iùuZ \ßûeû iìPûAùf, y+y ùja ye ZZþ iµéq ^ìZ^ cìfý ö GYê
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y + y = f(x+x) ... (ii)
(i) Kê (ii)eê aòùdûM Kùf _ûAaû,
(y+y) – y = f(x+x) – f(x)
aû, y = f(x +x) – f(x) ... (iii)
_eòa�ð^e jûe ^ò‰ðd Keòaû _ûAñ (iii) Kê (x) \ßûeû bûM Keòaû

 
 





y

x

f x x f x

x

( ) ( )
... (iv)

ùghùe @ûùc @^ê_ûZ 

y

x
x0 ùaùk K[û aòPûe Keòaû ö

~\ò lim lim
( ) ( )

 





x x

y

x

f x x f x

x 


 
0 0

 ... (v)

GK iiúc iõLýû ùjûA[ûG, ùZùa f(x) Kê GK @aKk^úd `k^ Kêjû~ûG Gaõ iúcûKê f(x)e x

iûù_l @aKkR ùaûfò Kêjû~ûG ö Gaõ GjûKê f(x) aû d

dx
f x( )  aû dy

dx
(ye d

dx
 bûùa _Xÿû~ûG)

iùuZ \ßûeû iìPòZ Keû~ûG ö

Gjò_eò bûùa, lim lim
( ) ( )

 





x x

y

x

f x x f x

x 


 
0 0

dy

dx

d

dx
f x f x  ( ) ( )

Uò®Yú
(1) icúKeY (v)ùe iìPòZ iúcû« _âKâòdû ùjCQò GK MûYòZòK _âKâòdû ö Gjò MûYòZòK _âKâòdûKê @aKk^

(differentiation) Kêjû~ûG Gaõ G[ôeê _âû̄  `kû`kKê @aKkR (derivative) Kêjû~ûG ö
(2) ù~Cñ ̀ k^e GK aò¦êùe @aKkRe @aiÚòZò [ûG, Zûjû Cq aò¦êùe @aKk^úd (derivable)

ùaûfò Kêjû~ûG ö
(3) Gjû _âZò_û\òZ Keû~ûA_ûùe ù~ ~\ò `k^ f(x) GK aò¦ê x = a Vûùe @aKk^úd

ùjûA[ûG, ùZùa `k^Uò ^ò½d ùijò aò¦êùe ^òeazò^Ü ùjûA[ôa ö cûZâ Gjûe aò_eúZ
K[^ iZý ^ ùjûA_ûùe ö

(4) iùuZ x iÚû^ùe x aû h c¤ aýajéZ jêG ö @[ðûZþ dy

dx

f x h f x

hh


 


lim
( ) ( )

0
 aû

dy

dx

f x x f x

x


 


lim
( ) ( )




0

(5) ~\ò y = f(x), ùZùa dy

dx
Kê c¤ y

1
aû y \ßûeû iìPòZ Keû~ûG ö

21.2 _eòùaM GK iúcû
cù^Keû~ûC ù~ ùMûUòG KYòKû, ~ûjûKò @ûe¸ùe O iÚû^ùe iÚòe bûaùe [ôfû Gaõ OP iekùeLûùe
MZòKfû ö Gjû ù~Cñ \ìeZû @ZòKâc Keò P _ûLùe _j�ôa, Zûjû ùjCQò icd t e GK `k^ ö

f(t) f(t+t)

O P Q PòZâ 21.1
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@ûùc ùfLô_ûeê, \ìeZû OP = s = f(t) ... (i)

ùijò_eò bûaùe Pe Lêaþ ^òKUa�ðú GK aò¦ê Q Vûùe _j�ôaû _ûAñ @ZòKâc Keò[ôaû \ìeZû PQ @[ðûZþ
S ùjCQò icd te GK `k^ ù~_eòKò

OQ = OP + PQ
= s + s
= f(t + t) ... (ii)

t @«eûkùe KYòKûUòe jûeûjûeò _eòùaMKê ^ò@û~ûA_ûùe

\ìeZûùe _eòa�ð^
––––––––––––
icdùe _eòa�ð^


 
 

( )

( )

s s s

t t t





 f t t f t

t

( ) ( )


(t @«eûkùe \ìeZû @ZòKâc Keòaûe jûeûjûeò jûe)

a�ðcû̂  @ûùc P ò̂KUa�ðú GK lê\â @«eûkùe jûeûjûeò _eòùaM _ûAaû _ûAñ tKê @]ôK lê\â Keòaû ö t
0 ùlZâùe jûeûjûeò _eòùaMe iúcû ùjCQò icd t ùaùk (Paò¦ê ̂ òKUùe) KYòKûUòe ZûZþlûYòK _eòùaM ö

t icdùe _eòùaM   


lim
( ) ( )




t

f t t f t

t0

GjûKê ds

dt
 iùuZ \ßûeû iìPòZ Keû~ûG ö

GYê, t icdùe GK MZògúk KYòKûe \ìeZû ~\ò f(t) jêG, ùZùa t = t
0
Vûùe ‘f’ e

@aKkR P aò¦êùe KYòKûUòe ZûZþlûYòK, @[ðûZþ t = t
0
 icde ùaMKê iìPûA [ûG ö

GjûKê ùKøYiò `k^e GK aò¦êVûùe @aKkRe ùbøZòK aýûLýû ùaûfò c¤ Kêjû~ûG ö

UúKû : @aKkR dy

dx
, ye x iûù_l ZûZþlûYòK _eòa�ð^e jûeKê aýq Keò[ûG ö

C\ûjeY 21.1 ùMûUòG Kûe ‘t’ ùiùKŠ icdùe @ZòKâc Keò[ôaû \ìeZû ‘s’ còUeKê ^òcÜ i´§ùe
\ò@û~ûAQò ö

s = 3t2

t = 4 ùiùKŠK ùaùk Kûee _eòùaM ^ò‰ðd Ke ö
icû]û^ : GVûùe, f(t) = s = 3t2

f(t+t) = s + s = 3(t+t)2

ù~ùKøYiò icd ‘t’ùe, Kûee _eòùaM   


lim
( ) ( )




t

f t t f t

t0


 


lim

( )



t

t t t

t0

2 23 3

[(i) I (ii)eê]
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
   


lim

( )


  
t

t t t t t

t0

2 2 23 2 3

 


lim ( )



t

y t
0

6 3

= 6t

t = 4 ùiùKŠ icdùe Kûee _eòùaM = (6  4) còUe / ùiùKŠ = 24 cò/ùiùKŠ ö

@ûi ̂ òùR ̂ òRKê _eLôaû  21.1

1. ^òcÜùe GK iekùeLûùe MZògúk GK KYûe icd-\ìeZû i´§eê t fûMò iìPòZ icdùe
Gjûe _eòùaM ^ò‰ðd Ke ö

(a) s t t  2 3
1

3
; (b) s = 8t – 7; t = 4

(c) s t t t  2 3
3

2
; (d) s t t t   7 4 1

5

2
2 ,

2. GK bìicZkúd iekùeLûùe MZògúk GK KYòKû t ùiùKŠùe @ZòKâc Keê[ôaû \ìeZû s
còUeKê ^òcÜcùZ \ò@û~ûAQò ö
s = t4 – 18t2 ö t = 10 ùiùKŠùe KYûUòe ùaM ^ò‰ðd Ke ö

3. ùMûUòG KYòKû GK bìicû«e ùeLûùe MZò KeêQò ö GK iÚòe aò¦ê o Vûeê t ùiùKŠùe
KYòKûUò @ZòKâc Keò[ôaû \ìeZû s còUeKê s = 10 – t2 + t3 eìù_ \ò@û~ûAQò ö 3 ùiùKŠ
ùghùe KYòKûUòe ZûZþlûYòK ùaM ^ò‰ðd Ke ö

21.2 dy/dx e RýûcòZòK @[ð
cù^Keû~ûC ù~ y = f(x) ùjCQò x e GK ^òeazò^Ü `k^ ö Gjûe ùfLPòZâ @u^ Ke I GjûKê
APQB eìù_ ^ûcòZ Ke ö

PòZâ 21.2

y


T O

S



x

x+x

y+y

x

x


M N
x

R

B

A

Q(x+x, y+y)
y=

f(x
)

P(x,y)
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cù^Keû~ûC ù~ y = f(x)e ùfLPòZâ aû y = f(x) Kê C_iÚû_^ Keê[ôaû aKâ C_ùe P(x, y) GK
aò¦ê ö cù^Keû~ûC Q(x+x, y+y) ùjCQò ùijò aKâ C_ùe Pe ̂ òKUa�ðú @^ý GK aò¦ê ö x-@l
_âZò PM I QN f´ @u^ Ke Gaõ x-@l ij icû«e PR @u^ Ke ù~_eòKò PR, QNKê R aò¦êùe
ùQ\ Keòa ö PQ ùQ\K ùeLû @u^ Keò GjûKê ù~ùKøYiò aò¦ê S _~ðý« a¡òðZ Ke ö ùQ\K ùeLû
QPS, x-@le ]^ûZàK \òM ij  ùKûY @u^ KeêQò ùaûfò ]eò^ò@û~ûC l aKâe P aò¦ê Vûùe PT ÆgðK
@u^ Keû~ûC Gaõ Gjû x-@l ij  ùKûY @u^ Keê ö

a�ðcû^ QPRùe, QPR = 

tan
( )

( )








 







 
 


QR

PR

QN RN

MN

QN PM

ON OM

y y y

x x x

y

x  ... (i)

a�ðcû^ Q aò¦ê aKâ C_ùe P @ûWKê ^òKUeê ^òKUZe MZò KeêQò ùaûfò cù^Keû~ûC ö
GYê, ù~ùZùaùk Q P, x0, y0,  0, (tan tan ) Gaõ ̀ kÊeì_, ùQ\K
QPS ÆgðK PT ij còkòZ ùjaûKê @ûùMA @ûùi ö

(i) eê tan




y

x

iúcû« ùlZâùe, lim tan lim
 

 


x x

y

y

x 




0 0

0

aû tan 
dy

dx

GYê aKâ C_eòiÚ ù~ùKøYiò aò¦ê P(x, y) Vûùe @aKkR dy

dx
, P Vûùe @uòZ ÆgðKe

@û^ZòKê C_iÚû_^ Kùe ö Gjû ùjCQò dy

dx
e RýûcòZòK C_iÚû_^û ùaûfò Kêjû~ûG ö flý Keû~ûA_ûùe

ù~ aKâ C_eòiÚ bò^Ü bò^Ü aò¦êùe dy

dx
e cû^ bò^Ü bò^Ü ùjûA[ûG ö

GYê, aKâe GK ̂ òŸòðÁ aò¦êùe aKâe ÆgðKe _âaYZû ̂ ò‰ðd Keòaû _ûAñ, aKâe icúKeY y =

f(x)eê dy

dx
 ^ò‰ðd Ke Gaõ Cq aò¦êe iÚû^uKê dy

dx
ùe iõiÚû_^ Ke ö

@^êiò¡û« - 1

~\ò aKâe P aò¦êùe aKâ_âZò @uòZ ÆgðK x-@l _âZò icû«e jêG, ùZùa = 00 aû 1800, @[ðûZþ
dy

dx
 tan 00  aû tan 1800, @[ðûZþ dy

dx
 0 ö @^ýK[ûùe, y = f(x) \ßûeû C_iÚû_òZ aKâe P

aò¦êùe @uòZ ÆgðK x-@l ij icû«e ö
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@^êiò¡û« - 2

~\ò aKâe P aò¦êVûùe @uòZ ÆgðK x-@l _âZò f´ jêG, = 900 aû dy

dx
  tan 900 ö

@[ðûZþ y = f(x) \ßûe C_iÚû_òZ aKâ C_eòiÚ P aò¦êùe @uòZ ÆgðK y-@l ij icû«e ö

21.4 ]îaK `k^e @aKkR
K[^ : GK ]îaKe @aKkR gì^ @ùU ö
_âcûY : cù^Keû~ûC ù~ y = c ùjCQò GK ]îaK `k^ ö ùZùa y = cKê
y = cx0 bûùa ùfLû~ûA_ûùe [  x0 = 1] ... (i)

cù^Keû~ûC x e cû^ùe GK lê\â aé¡ò ù\CQò x ö Gjò aé¡ò ij iµéq ye cû^ùe aé¡òKê y
^ò@û~ûC ö `kùe

y + y = c(x+x)0 ... (ii)

(ii) eê (i) Kê aòùdûMKùf _ûAaû
y + y – y = c(x+x)0 – cx0 (  x0 = 1)

aû y = c – c aû y = 0

x \ßûeû bûMKùf, 
 
y

x x


0

aû 

y

x
 0

x0 ùlZâùe iúcû ù^A @ûùc _ûAaû

lim



x

y

x


0
0

aû dy

dx
 0

aû dc

dx
 0 [(i)eê y = c ù^A]

G[ôeê _âcûYòZ ù~ GK ]âaêKe _eòa�ð^e jûe 0 @ùU ö GYê GK ]îaK ̀ k^e @aKkR gì^ @ùU ö

21.5 _â[c iò¡û«eê GK `k^e @aKkR ^òeì_Y
GK `k^e GK aò¦êùe Gjûe @aKkRe iõmûKê cù^_KûAùf, cù^_Wòa ù~ _â[c iò¡û«eê GK
`k^e @aKkR ^ò‰ðd Keòaû _ûAñ ^òcÜiÚ Kû~ðýKûeú ^òdccû^ ejòQò ö
_û\ I : \� `kKê y = f(x) eì_ùe ùfL ö ... (i)

_û\ II : cù^Keû~ûC x e cû^ùe GK lê\â aé¡ò ùjCQò x Gaõ ye cû^ùe @^êeì_ aé¡ò ùjCQò y
ù~_eòKò
y + y = f(x+x) ... (ii)

_û\ III : (i) Kê (ii)eê aòùdûM Kùf _ûAaû
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y = f(x+x) – f(x) ... (iii)
_û\ IV :_û\ (iii)ùe _âû¯ `kû`kKê x \ßûeû bûM Kùf _ûAaû







y

x

f x x f x

x


 ( ) ( )

_û\ V : x0 ùlZâùe iúcûù^A _ûAaû

lim lim
( ) ( )

 





x x

y

x

f x x f x

x 


 
0 0

UúKû :
_â[c iò¡û«eê GK `k^e @aKkR ^ò‰ðd _¡ZòKê ùWfÖû aò]ô aû @û\òZü - @aKk^ _¡Zò
Kêjû~ûG ö

_ea�ðú _~ðýûdùe _â[c iò¡û«eê @ûùc ùKùZK cû^K I iek `k^e @aKkR ^ò‰ðd Keòaû ö

21.6 _â[c iò¡û«eê ùKùZK `k^e @aKkR ^òeì_Y
cù^Keû~ûC y = xn ... (i)

xe cû^ùe GK lê\â aé¡ò x _ûAñ ye cû^ùe NUò[ôaû @^êeì_ aé¡ò y ùjC ö `kùe
y + y = (x+x)n ... (ii)
(ii) eê (i) Kê aòùdûM Kùf _ûAaû,
(y+y)–y = (x+x)n – xn




y x
x

x
xn

n
n FHG

I
KJ 1

 FHG
I
KJ 

L
N
MM

O
Q
PPx

x

x
n

n

1 1


ù~ùjZê x
x

x 1, Zêk^ûùe x @Zý« lê\â ùjûA[ôaûeê, @ûùc ù~ùKøYiò NûZ _ûAñ \ßò_\ C__û\ý

_âùdûM Keò 1FHG
I
KJ

x
x

n

e aòÉûe Keò_ûeòaû ö

1FHG
I
KJ

x
x

n

Kê \ßò_\ C__û\ý iûjû~ýùe aòÉûe Kùf _ûAaû


  

y x n
x

x

n n x

x

n n n x

x
n  FHG

I
KJ 

 F
HG
I
KJ 

  F
HG
I
KJ  

L
N
MM

O
Q
PP1

1

2

1 2

3
1

2 3( )

!

( )( )

!
...

 



 


L
NM

O
QPx x

n

x

n n x

x

n n n x

x
n ( )

( ) ( ) ( )

!

( )
...

 1

2

1 2

32

2

3

x \ßûeû bûMKùf _ûAaû
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


 y

x
x

n

x

n n x

x

n n n x

x
n 




 


L
NMM

O
QPP

( )

!

( )( )

!

( )
...

1

2

1 2

32

2

3

x0 iúcû ù^ùf (x)2 Gaõ x e CyZe NûZ c¤ 0 e ^òKUZe ùja ö

 



 


L
NM

O
QP 

lim lim
( )

!

( ) ( )

!

( )
...

 




 
x x

ny

x
x

n

x

n n x

x

n n n x

x0 0 2

2

3

1

2

1 2

3

aû lim ...



x

ny

x

dy

dx
x

n

x
    L

NM
O
QP0

0 0

aû dy

dx
x

n

x
nxn n   1

d

dx
x nx y xn n n( ) [ ] 1 

UúKû : @ûùc C_eòiÚ iìZâKê x, x2, x3,... bkò ̀ k^e @aKkR ̂ ò‰ðd Keòaû _ûAñ _âùdûM Keò_ûeòaû,
@[ðûZþ NûZûu n ù~CñVò 1, 2, 3, ... @û\ò ö

~[û : d

dx
x

d

dx
x x x     1 1 1 01 1 1 1 1

d

dx
x x x2 2 12 2 

d

dx
x x x( ) ,3 3 1 23 3   AZýû\ò ö

C\ûjeY 21.2
^òcÜiÚ _âùZýKe @aKkR ^ò‰ðd Ke :
(i) x10 (ii) x50 (iii) x91

icû]û^ :

(i)
d

dx
x x x( )10 10 1 910 10 

(ii)
d

dx
x x x( )50 50 1 4950 50 

(iii)
d

dx
x x x( )91 91 1 9091 91 

c«aý : n GK _eòùcd iõLýû ùjûA[ôùf c¤ ^òCU^þu NûZ-iìZâ _âùdûM Keû~ûA_ûùe ö

~[û, ]eò^ò@û~ûC n 
1

2
ö C\ûjeYÊeì_

cù^Keû~ûC y x x 
1
2
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ùiùZùaùk, dy

dx
x x

x

  
 1

2

1

2

1

2

1
1
2

1
1
2

1
2

aû
d

dx
x

x
d i  1

2

@ûùc a�ðcû^ iõmûeê @[aû _â[c iò¡û«eê ùKùZK iek `k^e @aKkR ^ò‰ðd Keòaû ö

C\ûjeY 21.3
_â[c iò¡û«eê x2e @aKkR ^ò‰ðd Ke ö

icû]û^ : cù^Keû~ûC y = x2... (i)

xe cû^ùe GK lê\â aé¡ò _ûAñ ye cû^ùe @^êeì_ aé¡ò ùjC y ö
y + y = (x + x)2... (ii)

(ii) eê (i)Kê aòùdûMKùf _ûAaû
(y+y) – y = (x+x)2–x2

aû y = x2 + 2x(x) + (x)2 – x2

aû y = 2x(x) + (x)2

x \ßûeû bûMKùf, _ûAaû




y

x
x x 2

x0 iúcû _~ðý« ~ûA _ûAaû

lim lim ( )
 





x x

y

x
x x

 
 

0 0
2

aû dy

dx
x x

x
 


2

0
lim ( )




= 2x + 0 = 2x

aû dy

dx
x 2  aû d

dx
x x( )2 2

C\ûjeY 21.4

ùWfÖû _¡Zòùe x 0 ù^A 1

x
e @aKkR ^ò‰ðd Ke ö

icû]û^ : cù^Keû~ûC y
x


1
... (i)

x e cû^ùe lê\â aé¡ò x ù^ùf, y e cû^ùe NUê[ôaû @^êeì_ lê\â aé¡òy ùjC ö

  


y y
x x




1
... (ii)

(ii) eê (i)Kê aòùdûM Kùf _ûAaû

( )y y y
x x x

  




1 1
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aû 



y
x x x

x x x

 

( )

( )






x

x x x( ) ... (iii)

(iii) Kê x \ßûeû bûMKùf, _ûAaû

 
y

x x x x




1

( )

x0 iúcû ù^A _ûAaû

lim lim
( ) 


 x x

y

y x x x 
 

0 0

1

aû dy

dx x x



1

0( )
 aû d

dx x x

1 1
2

F
HG
I
KJ  

C\ûjeY 21.5

_â[c iò¡û«eê x e @aKkR ^ò‰ðd Ke :

icû]û^ : cù^Keû~ûC y x ... (i)

xe cû^ùe GK lê\â aé¡ò x ^ò@û~ûC Gaõ ye cû^ùe NUê[ôaû @^êeì_ aé¡ò y ùjC ö
    y y x x  ... (ii)

(ii) eê (i) Kê aòùdûM Keò_ûAaû
( )y y y x x x     

aû  y x x x   ... (iii)

(iii) e WûjûY _ûLe fae _eòùcdKeY Keòaû \ßûeû _ûAaû





y
x x x

x x x
x x x

 
 

 d i

=
( )x x x

x x x

 
 

 aû 




y
x

x x x


 

x \ßûeû bûMKeò _ûAaû

 
y

x x x x


 
1

x0 iúcû ù^A _ûAaû

lim lim
 


 x x

y

x x x x 


 
L
NM

O
QP0 0

1

aû
dy

dx x x



1

 aû
d

dx
x

x
d i  1

2
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C\ûjeY 21.6

~\ò f(x) GK @aKk^úd `k^ Gaõ c GK ]îaK, ùZùa
(x) = cf(x) e @aKkR ^ò‰ðd Ke ö
icû]û^ : @ûcKê ^òcÜ `k^e @aKkR ^ò‰ðd KeòaûKê ùja ö

(x) = cf(x) ... (i)

x cû^ùe ^ò@û~ûA[ôaû GK lê\â aé¡ò x ù~ûMêñ `k^ (x)e cû^ (x+x) I f(x)e cû^ f(x+x)
ùjûAQò ùaûfò ]eò^ò@û~ûC ö

(x+x) = cf(x+x) ... (ii)

(ii) eê (i)Kê aòùdûMKùf, _ûAaû
(x+x) – (x) = c[f(x+x) – f(x)]
x \ßûeû bûMKeò _ûAaû
  





( ) ( ) ( ) ( )x x x

x
c

f x x f x

x

 


 L
NM

O
QP

x0 iúcûù^A _ûAaû

lim
( ) ( )

lim
( ) ( )

 

  



x x

x x x

x
c

f x x f x

x 

 


 L
NM

O
QP0 0

aû 



 
 L

NM
O
QP

( ) lim
( ) ( )

x c
f x x f x

xx 0





 
 L

NM
O
QP

( ) lim
( ) ( )

x c
f x x f x

xx 0

aû (x) = cf(x)

Gjò_eò d

dx
cf x c

df

dx
[ ( )] 

@ûi ̂ òùR ̂ òRKê _eLôaû21.2

1. ùWfÖû _¡Zòùe ^òcÜ `k^MêWÿòKe @aKkR ^ò‰ðd Ke :
(a) 10x (b) 2x+3 (c) 3x2

(d) x2 + 5x (e) 7x3

2. _â[c iò¡û« _¡Zò aýajûeKeò ^òcÜiÚ _âùZýK `k^e @aKkR ^ò‰ðd Ke :

(a)
1

0
x

x,  (b)
1

0
ax

x,  (c) x
x

x 
1

0,

(d)
1

ax b
x

b

a



, (e)
ax b

cx d
x

d

c







, (f)
x

x
x





2

3 5

5

3
,

3. _â[c iò¡û«eê ^òcÜiÚ _âùZýK `k^e @aKkR ^ò‰ðd Ke :

(a)
1

0
x

x,   (b)
1

ax b
x

b

a



,  (c) x
x

x 
1

0, (d)
1

1
1





x

x
x,
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4. ùWfÖû _¡Zò aýajûe Keò ^òcÜiÚ _âùZýK `k^e @aKkR ^ò‰ðd Ke :
(a) f x x( )  3  @ûjêeò c¤ f(2) ^ò‰ðd Ke ö (b)f(r) = r2 @ûjêeò c¤ f(2) ^ò‰ðd Ke ö

(c) f r r( ) ,
4

3
3  @ûjêeò c¤ f(3) ^ò‰ðd Ke ö

21.7 @aKkRcû^ue aúRMYòZ
ajêZ `k^ @^ý `k^cû^ue iõù~ûMeê C_ô^Ü ùjûA[ûG ö Gjò iõù~ûM, `k^cû^ue ù~ûM,
aòùdûM, MêY^ aû bûM \ßûeû C_ô^Ü ùjûA_ûùe ö @ûC ùKùZK _eòiÚòZò @ûc iûc^ûKê @ûiò_ûùe ù~CñVò
ùMûUòG \� `k^Kê GK `k^e `k^ eìù_ _âKûg Keû~ûA_ûùe ö
Gjò_eò _eòiÚòZòùe @aKkRKê GK i`k iû]^ú (tool) Keòaû _ûAñ, @ûcKê `k^ cû^ue ù~ûM, aòùdûM,
MêY^, bûM I ̀ k^e ̀ k^ fûMò @aKkR ̂ òeì_Y fûMò ̂ òdc _âYd^ Keòaû @ûagýK ö Gjò ̂ òdcMêWÿòK c¤
@ûcKê _fòù û̂cò@ûfþ I aúRMYòZúd (_eòùcd ijòZ) `k^e @aKkR ò̂‰ðd Keòaûùe ijûdK ùja ö

21.8 `k^cû^ue ù~ûM Gaõ aòùdûMe ^òeì_Y
~\ò f(x) I g(x) Cbd @aKk^úd `k^ jê@«ò Gaõ h(x) = f(x) + g(x) jêG, ùZùa h(x)
ùKùZ ? GVûùe, h(x) = f(x) + g(x)

cù^Keû~ûC xe cû^ùe x ùjCQò GK aé¡ò Gaõ y e cû^ùe @^êeì_ aé¡ò ùjCQò y ö
h(x+x) = f(x+x) + g(x+x)

GYê, h x
f x x g x x f x g x

xx
 

    


( ) lim
[ ( ) ( )] [ ( ) ( )]



 
0


    


lim

[ ( ) ( )] [ ( ) ( )]


 
x

f x x f x g x x g x

x0


 


 L

NM
O
QP

lim
( ) ( ) ( ) ( )







x

f x x f x

x

g x x g x

x0


 


 

 
lim

( ) ( )
lim

( ) ( )
 





x x

f x x f x

x

g x x g x

x0 0

aû h(x) = f(x) + g(x)

GYê @ûùc ù\Lôùf ù~ \êAUò `k^e ù~ûM`ke @aKkR ùjCQò Cq `k^\ßde @aKkRcû^ue
ù~ûM`k ij icû^ ö
GjûKê ù~ûM`k ^òdc Kêjû~ûG ö

ù~_eò y = x2 + x3

ùZYê y
d

dx
x

d

dx
x  ( ) ( )2 3 = 2x + 3x2

Gjò_eò, y = 2x + 3x2

ù~ûM ^òdceê aòùdûM ^òdc c]ý ijRùe còkò_ûeòa, KûeY
~\ò h(x) = f(x) – g(x)
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ùZùa, h(x) = f(x) + [–g(x)]
 h(x) = f(x) + [–g(x)]

= f(x) – g(x)

@[ðûZþ, \êAUò ̀ k^e aòùdûM`ke @aKkR ùjCQò Cq `k^ \ßde @aKkR \ßde aòùdûM`k ij
icû^ ö
GjûKê aòùdûM`k ^òdc Kêjû~ûG ö

GYê @ûùc _ûAùf

ù~ûM ^òdc : d

dx
f x g x

d

dx
f x

d

dx
g x[ ( ) ( )] [ ( )] [ ( )]  

aòùdûM ^òdc : d

dx
f x g x

d

dx
f x

d

dx
g x[ ( ) ( )] [ ( )] [ ( )]  

C\ûjeY 21.7

^òcÜiÚ _âùZýK `k^e @aKkR ^ò‰ðd Ke :
(i) y = 10t2 + 20t3

(ii) y = 2x3 – 3x2

(iii) y x
x x

x   3
2

1 1
0,

icû]û^ :
(i) @ûce @Qò : y = 10t2 + 20t3

    
dy

dt
t t t t10 2 20 3 20 602 2( ) ( )

(ii) y = 2x3 – 3x2

  
dy

dx
x x6 62

(iii) y x
x x

x   
3 1 1

0

   x x x3 2 1

         dy

dx
x x x x

x x
3 2 1 3

2 12 3 2 2
3 2

( ) ( )

C\ûjeY 21.8

iìPòZ cû^ (aû cû^MêWÿòK) Vûùe _âùZýK `k^e @aKkRe cû^ ^ò‰ðd Ke ö
(i) s = 4.9t2 + 2.4, t = 1, t = 5 (ii) y = x3 + 3x2 + 4x + 5, x = 1

icû]û^ :
(i) @ûce @Qò s = 4.9t2 + 2.4
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  
ds

dt
t t4 9 2 9 8. ( ) .

ds

dt t

O
QP  
1

9 8 1 9 8. ( ) .

ds

dt t

O
QP 
5

9 8 5 49. ( )

(ii) @ûce @Qò y = x3 + 3x2 + 4x + 5

       
dy

dx

d

dx
x x x x x[ ]3 2 23 4 5 3 6 4

 OQP    


dy

dx x 1

23 1 6 1 4 13( ) ( )

@ûi ̂ òùR ̂ òRKê _eLôaû  21.3

1. y^ò‰ðd Ke ù~ùZùaùk :
(a) y = 12 (b) y = 12x (c) y = 12x + 12

2. ^òcÜiÚ _âùZýK `k^e @aKkR ^ò‰ðd Ke :
(a) f(x) = 20x9 + 5x(b) f(x) = –50x4 – 20x2 + 4

(c) f(x) = 4x3 – 9 – 6x2 (d) f x x x( )  
5

9
39

(e) f x x x x( )    3 23 3
2

5
(f) f x

x x
( )   

8 4

8 4
2

(g) f x x
x

( )   
2

5
5

32

3

4

5
2 (h) f x x

x
( )  

1

3. (a) ~\ò f(x) = 16x+2 jêG ^ò‰ðd Ke : f(0), f(3), f(8)

(b)  ~\ò f x
x x

x( )    
3 2

3 2
16 jêG ^ò‰ðd Ke : f(–1), f(0), f(1)

(c) ~\ò f x
x

x x( )    
4

7

4

3

7
2 5 jêG ^ò‰ðd Ke : f(–2)

(d) \� V r
dV

dr


4

3
3 ,  ^ò‰ðd Ke I Zû'_ùe

dV

dr r

O
QP 2



cWêýf-V
`k^

Uò®Yú

236

@aKk^

21.9 `k^cû^ue MêY`ke @aKkR
Zêùccûù^ _ûUúMYòZe ùcøkòK Pûeò _âKâòdû, ~[û : ù~ûM, aòùdûM, MêY^ I bûM _âKâòdû ij _eòPòZ ö
@aKk^e ù~ûM I aòùdûM ̂ òdc _âùdûM Keòiûeòaû _ùe, @ûùccûù^ a�ðcû^ \êAUò ̀ k^e MêY`ke
@aKkR iõKâû«ùe aòPûe Keòaû ö

y = (x2+1)2 i´§ùe aòPûe Ke
Gjû ùjCQò y = (x2+1) (x2+1)

cù^Keû~ûC ù~ x ùjCQò x e cû^ùe GK aé¡ò Gaõ y e cû^ùe iµéq aé¡òKê y
^ò@û~ûC ö ùZYê

y + y = [(x+x)2 + 1] [(x+x)2 + 1]

y = [(x+x)2 + 1] [(x+x)2 + 1] – (x2 + 1) (x2 + 1)

= [(x+x)2 + 1] [(x+x)2 – x2] + (x2 + 1) [(x + x)2 + 1 – (x2 + 1) (x2+1)]

= [(x+x)2 + 1] [(x + x)2 – x2] + (x2 + 1) [(x + x)2 + 1 – (x2 + 1)]

= [(x + x)2 + 1] [(x + x)2 – x2] + (x2 + 1) [(x + x2 – x2)]

   
 L
NMM

O
QPP
 

 L
NMM

O
QPP











y

x
x x

x x x

x
x

x x x

x
[( ) ]

( )
( )

( )2
2 2

2
2 2

1 1

   
L

NMM
O
QPP
 

L
NMM

O
QPP

[( ) ]
( )

( )
( )

x x
x x x

x
x

x x x

x


 


 


2
2

2
2

1
2

1
2

= [(x+x)2 + 1] (2x + x) + (x2 + 1) (2x + x)

        
  

lim lim[( ) ] [ ] lim( ) ( )
  




  
x x x

y

x
x x x x x x x

0 0

2

0

21 2 1 2

aû dy

dx
x x x x   ( ) ( ) ( )( )2 21 2 1 2

= 4x (x2+1)

@ûi @ûùc aòùgæhY Keòaû : dy

dx
x x x x   ( ) ( ) ( ) ( )2 21 2 1 2

x2 + 1 e x2 + 1 e
@aKkR @aKkR

aòPûe Ke : y = x3x2

dy

dx
x x x x  3 2 22 3( ) ( )  @ùU Kò ?
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@ûi _eúlû Keòaû, x3(2x) + x2(3x2) = 2x4 + 3x4 = 5x4

@ûc _ûLùe @Qò y = x3x2 = x5

 
dy

dx
x5 4

iû]ûeY bûaùe, ~\ò f(x) I g(x) ùjCQò x e \êAUò `k^, ùZùa ùi \ßde MêY`ke
@aKkRKê ^òcÜcùZ iõmûKéZ Keû~ûG

d

dx
f x g x f x g x g x f x[ ( ) ( )] ( ) ( ) ( ) ( )   

= [_â[c `k^] [
d

dx
(\ßòZúd `k^)] + [\ßòZúd `k^] [

d

dx
(_â[c `k^)]

GjûKê @ûùc _Xê, \êAUò `k^e MêY`ke @aKkR
= [_â[c `k^] [\ßòZúd `k^e @aKkR] + [\ßòZúd `k^] [_â[c `k^e @aKkR]

GjûKê MêY`k ^òdc Kêjû~ûG ö

C\ûjeY 21.9

dy

dx
 ^ò‰ðd Ke, ~\ò y = 5x6 (7x2+4x)

_¡Zò I : GVûùe y ùjCQò \êAUò `k^e MêY`k ö

     
dy

dx
x

d

dx
x x x x

d

dx
x( ) ( ) ( ) ( )5 7 4 7 4 56 2 2 6

= (5x6) (14x+4) + (7x2 + 4x) (30x5)

= 70x7 + 20x6 + 10x7 + 120x6

= 280x7 + 140x6

_¡Zò : II : y = 5x6 (7x2 + 4x)

= 35x8 + 20x7

     
dy

dx
x x x x35 8 20 280 1407 6 7 6

GVûùe còkò[ôaû ̀ k, _¡Zò Ieê còkò[ôaû ̀ k ij icû^ ö Gjò ̂ òdcKê aòÉûe Keò \êAeê @]ôK
iõLýK `k^e MêY`ke @aKkR ^ò‰ðd Keû~ûA_ûeòa ö

c«aý : ~\ò f(x), g(x) Gaõ h(x), xe Zòù^ûUò \� `k^ ùjûA[û«ò, ùZùa

d

dx
f x g x h x f x g x

d

dx
h x g x h x

d

dx
f x h x f x

d

dx
g x[ ( ) ( ) ( )] ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )  
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C\ûjeY 21.10

[f(x) g(x) h(x)]e @aKkR ^ò‰ðd Ke ~\ò f(x) = x, g(x) = x–3 Gaõ h(x) = x2 + x

icû]û^ :
cù^Keû~ûC y = x(x–3) (x2+x)

ye @aKkR ^ò‰ðd Keòaû _ûAñ, @ûùc WûjûY _ûLùe [ôaû ù~ùKøYiò \êAUò `k^Kê GKZâ
ù^A MêY`k ^òdc _âùdûM Keò_ûeê @[aû C_eòiÚ c«aýùe [ôaû `kû`kKê aýajûe Keò_ûeê ö

@^ýK[ûùe, @ûùc ùfLô_ûeê
y = [x(x–3)] (x2+x)

cù^Keû~ûC u(x) = f(x) g(x)

= x(x–3)

= x2–3x

@ûjêeò c¤ h(x) = x2+x

y = u(x) h(x)

GYê dy

dx
x x

d

dx
x x x x

d

dx
x x     ( ) ( ) ( ) ( )3 32 2 2

= x(x–3) (2x+1) + (x2+x) (2x–3)

= x(x–3) (2x+1) + (x2+x) (x–3) + x(x2+x)

= [f(x)g(x)]h(x) + [g(x)h(x)] f(x) + [h(x)f(x)]g(x)

GYê d

dx
f x g x h x f x g x

d

dx
h x[ ( ) ( ) ( )] [ ( ) ( )] [ ( )] 

 [ ( ) ( )] [ ( )] ( ) ( ) [ ( )]g x h x
d

dx
f x h x f x

d

dx
g x

@^ýù_l, @ûùc \� Zòù^ûUò `k^e MêY`ke @aKkR _âZýl bûaùe ^ò‰ðd Keò_ûeòaê ö

dy

dx
x x

d

dx
x x x x x

d

dx
x x x x

d

dx
x         [ ( )] ( ) [( )( )] ( ) [( ) ] ( )3 3 32 2 2

= x(x–3) (2x+1) + (x–3)(x2+x)1+(x2+x)x1

= 4x3 – 6x2 – 6x

@ûi ̂ òùR ̂ òRKê _eLôaû  21.4

1. MêY`k ^òdc _âùdûM Keò ^òcÜiÚ _âùZýK `k^e @aKkR ^ò‰ðd Ke ö
(a) f(x) = (3x+1) (2x–7) (b) f(x) = (x+1) (–3x–2)
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(c) f(x) = (x+1) (–2x–9) (d) y = (x–1) (x–2)
(e) y = x2(2x2+3x+8) (f) y = (2x+3) (5x2 – 7x + 1)

2. ^òcÜiÚ _âùZýK `k^e @aKkR ^ò‰ðd Ke :
(a) f(r) = r(1–r) (r2+r) (b) f(x) = (x–1) (x–2) (x–3)
(c) f(x) = (x2 + 2) (x3–3x2+4) (x4–1)
(d) f(x) = (3x2+7) (5x–1) (3x2+9x+8)

21.10 bûM ^òdc
ù~ûM`k, aòùdûM`k aû MêY`k eìù_ _KûgòZ `k^e @aKkR ò̂‰ðd Keòaû _ûAñ Zêùc ~[ûKâùc
ù~ûM`k ò̂dc, aòùdûM`k ò̂dc I MêY`k ò̂dc gòLôQ ö @ûi a�ðcû^ @ûC ùMûUòG _û\ @ûMKê ~ûA
\êAUò ̀ k^e bûM`k eìù_ _âKûgòZ GK ̀ k^e @aKkR ̂ ò‰ðd Keòaû _ûAñ ""bûM`k ̂ òdc'' gòLôaû ö

cù^Keû~ûC g x
r x

r x( )
( )

[ ( ) ] 
1

0

@ûi _â[c iò¡û« _¡Zòùe g(x)e @aKkR ^ò‰ðd Keòaû ö

g x
r x

( )
( )


1

   
L

N

MMMM

O

Q

PPPP


g x
r x x r x

xx
( ) lim

( ) ( )



0

1 1


 


L
NM

O
QP

lim
( ) ( )

( ) ( ) ( )


 x

r x r x x

x r x r x x0


 L

NM
O
QP   

lim
( ) ( )

lim
( ) ( ) 


 x x

r x r x x

x r x r x x0 0

1

    


r x
r x

r x

r x
( )

[ ( )]

( )

[ ( )]

1
2 2

ù~ùKøYiò \êAUò `k^ f(x) I g(x) K[û aòPûe Ke ù~_eòKò ( )
( )

( )
, ( )x

f x

g x
g x  0

@ûùc ùfLô_ûeòaû ( ) ( )
( )

x f x
g x

 
1

     
L
NM
O
QP ( ) ( )

( )
( )

( )
x f x

g x
f x

d

dx g x

1 1
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



 L
NM
O
QP

f x

g x
f x

g x

g x

( )

( )
( )

( )

[ ( )]2


  g x f x f x g x

g x

( ) ( ) ( ) ( )

[ ( )]2

(je) (fae @aKkR) – (fa) (jee @aKkR)
= –––––––––––––––––––––––––––––––––––––

(je)2

GYê
d

dx

f x

g x

f x g x f x g x

g x

( )

( )

( ) ( ) ( ) ( )

[ ( )]

L
NM
O
QP 
  

2

GjûKê bûM`k ^òdc Kêjû~ûG ö

C\ûjeY 21.11

f(x) ^ò‰ðd Ke, ~\ò f x
x

x
x( ) , ,





4 3

2 1

1

2

icû]û^ :

f x
x

d
dx

x x
d
dx

x

x
 

    


( )

( ) ( ) ( ) ( )

( )

2 1 4 3 4 3 2 1

2 1 2


    






( ) ( )

( ) ( )

2 1 4 4 3 2

2 1

10

2 12 2

x x

x x

@ûi ^òcÜ C\ûjeY i´§ùe aòPûe Keòaû :

cù^Keû~ûC f x
x

x( ) ,



1

2 1

1

2

d

dx x

x
d
dx

d
dx

x

x

1

2 1

2 1 1 1 2 1

2 1 2
L
NM
O
QP 

  



( ) ( ) ( )

( )


  


L
NM

O
QP

( )

( )
( )

2 1 0 2

2 1
1 0

2

x

x

d

dx


@[ðûZþ
d

dx x x

1

2 1

2

2 1 2
L
NM
O
QP   ( )
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@ûi ̂ òùR ̂ òRKê _eLôaû  21.5

1. ^òcÜiÚ _âùZýKe @aKkR ^ò‰ðd Ke :

(a) y
x

x



2

5 7

7

5
, (b) y

x

x x



 

3 2

12 (c) y
x

x





2

2

1

1

(d) f x
x

x
( ) 



4

2 3
(e) f x

x x

x
( ) 

5

7

2
(f) f x

x

x x
( ) 

 2 1

(g) f x
x

x
( ) 

3 4

2. f(x) ^ò‰ðd Ke :

(a) f x
x x

x
x( )

( )
, [ ]





2 3

2
2

(b) f x
x x

x x

x

x
( )

( ) ( )

( ) ( )
,

,

 
 



L
NM
O
QP

1 2

3 4

3

4

21.11 gévk ^òdc

_ìaðeê @ûùc 4 8 14 2x x   eì_K `k^ iõÆgðùe @ûiòQê ö Gjò `k^Kê \êAUò `k^e ù~ûM`k,
aòùdûM`k, MêY`k aû bûM`k eìù_ _âKûg Keòùja ^ûjó ö GYê, G _~ðý« ù~Cñ iaê ùKøgk @ûùc
gòLôQê, ùiMêWÿòKe _âùdûM Keò @ûùc Gjò `k^e @aKkR ^ò‰ðd Keò_ûeòaê ̂ ûjó ö `kùe @ûcKê @^ý
GK ^òdc iÚòe KeòaûKê ùja, ~ûjû\ßûeû G_eò `k^e @aKkR ^ò‰ðd Keòaû i¸a ùja ö @ûi @ûùc
ùfLôaû y x x  4 28 1  aû y t  ù~CñVò t = x4 + 8t2 + 1 @[ðûZþ y ùjCQò t e GK ̀ k^ Gaõ
t ùjCQò x e GK `k^ ö
GYê y ùjCQò GK ̀ k^e ̀ k^ ö a�ðcû^ @ûùc ùMûUòG ̀ k^e ̀ k^ fûMò @aKkR ̂ ò‰ðd Keòaû ö
cù^Keû~ûC t ùjCQò te cû^ùe GK aé¡ò Gaõ y ùjCQò ye cû^ùe NUê[ôaû iµéq aé¡ò ö

ùZùa y0 ~\ò t0

 


dy

dt

y

tx
lim



0

... (i)

ùijò_eò t ùjCQò x e GK `k^ ö
t0 ~\ò x0

 


dt

dx

t

xx
lim



0

... (ii)

GVûùe y ùjCQò te GK `k^ I t ùjCQò x e GK `k^ ö GYê y0 ~\ò x0
(i) I (ii)eê @ûùc _ûAaû
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dy

dx

y

x

y

t

t

xx x x
  LNM

O
QP
L
NM
O
QP  

lim lim lim
  








0 0 0

Gjò_eò dy

dx

dy

dt

dt

dx
 

GjûKê gévk ^òdc Kêjû~ûG ö

C\ûjeY 21.12 ~\ò y x x
dy

dx
  4 28 1,  ^ò‰ðd Ke :

icû]û^ : @ûcKê \ò@û~ûAQò ù~ y x x  4 28 1

y t  @ûùc GjûKê ùfLô_ûeòaû ù~CñVò t = x4 + 8x2 + 1 ... (i)

 
dy

dt t

1

2
 Gaõ dt

dx
x x 4 163

GVûùe,
dy

dx

dy

dt

dt

dx t
x x    

1

2
4 163( )




 




 

4 16

2 8 1

2 8

8 1

3

4 2

3

4 2

x x

x x

x x

x x
[(i) e `kû`kKê aýajûe Keò]

C\ûjeY 21.13 y x x  23 5 7 e @aKkR ^ò‰ðd Ke ö

icû]û^ : @ûùc _ûAQê y x x  23 5 7

d

dx
x x

d

dx
t23

1
35 7   ù~CñVò t = x2 + 5x – 7 ... (i)

 
d

dt
t

dt

dx

1
3 (gévk ^òdc aýajûe Keò)

  
1

3
2 5

2
3t x( )

d

dx
x x x x x23 25 7

1

3
5 7

2

3
2 5      [ ] ( ) [(i) Kê aýajûe Keò]

C\ûjeY 21.14 `k^ y
x



5

32 7( )
e @aKkR ^ò‰ðd Ke :

icû]û^ : dy

dx

d

dx
x  { ( ) }5 32 7

    5 7 3 32 8 2[( )( ) ( )x
d

dx
x [gévk ^òdc aýajûe Keò]
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= –35(x2–3)–8(2x)





70

32 8

x

x( )

C\ûjeY 21.15

dy

dx
 ^ò‰ðd Ke ù~CñVò y v

1

4
4  Gaõ v x 

2

3
53

icû]û^ :

@ûùc _ûAQê y v
1

4
4  Gaõ v x 

2

3
53

dy

dv
v v x   FHG

I
KJ

1

4
4

2

3
53 3 3

3

( ) ... (i)

Gaõ dv

dx
x x 

2

3
3 22 2( ) ... (ii)

Gjò_eò, dy

dx

dy

dv

dv

dx
 

 FHG
I
KJ

2

3
5 23

3
2x x( ) [(i) I (ii)Kê aýajûe Keò]

c«aý :
@ûùc _ìað C\ûjeYcû^uùe ù\LôQê ù~ @aKkRe ̂ òeì_Ye aòbò Ü̂ ̂ òdc aýajûe Keò aúRMYòZúd
`k^cû^ue @aKkR ^òeì_Y Keò_ûeòaû ö

@ûi ̂ òùR ̂ òRKê _eLôaû  21.6

1. ^òcÜiÚ _âùZýKe @aKkR ^ò‰ðd Ke :
(a) f(x) = (5x–3)7 (b) f(x) = (3x2–15)35

(c) f(x) = (1–x2)17 (d) f x
x

( )
( )

3

7

5

(e) y
x x


 
1

3 12 (f) y x ( )2 53 1

(g) y
x




1

7 3 2 (h) y x x  L
NM

O
QP

1

6

1

2

1

16
6 4

5

(i) y = (2x2 + 5x – 3 )–4 (j) y x x  2 8

2.
dy

dx
 ^ò‰ðd Ke ~\ò (a) y

v

v
v

x

x







3

2

4

1 2
, (b) y at t

x

a
 2

2
,
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21.12 \ßòZúd @Wðe `k^e @aKkR
\ßòZúd @Wðe @aKkR : \� @Qò ù~ y ùjCQò xe GK `k^, cù^Keû~ûC f(x) ö ~\ò @aKkR
dy

dx
 GK @aKk^úd `k^ ùjûA[ûG, ùZùa dy

dx
e @aKkRKê x iûù_l y = f(x) e \ßòZúd @Wðe

@aKkR Kêjû~ûG Gaõ GjûKê d y

dx

2

2  iùuZ eìù_ iìPòZ Keû~ûG ö ye \ßòZúd @Wðe @aKkR fûMò

aýajéZ bò^Ü iùuZMêWÿòK ùjùf, D2, f, y, y
2
AZýû\ò ö

c«aý :
Gjò_eò x Vûùe f e cû^Kê ^òcÜcùZ \ò@û~ûG :

f x
f x h f h

hh
 

   


( ) lim
( ) ( )

0

ZéZúd @Wðe, PZê[ð @Wðe ...Kê ùijò_eò iõmûKéZ Keû~ûA_ûùe ö Gjò_eò, ye x iûù_l \ßòZúd
@aKkR aû \ßòZúd @Wðe @aKkR ùjCQò

d

dx

dy

dx

d y

dx

F
HG
I
KJ 

2

2

C\ûjeY 21.16

\ßòZúd @Wðe @aKkR ^ò‰ðd Ke :

(i) x2 (ii) x3 + 1 (iii) (x2+1) (x–1) (iv)
x

x




1

1

icû]û^ : (i) cù^Keû~ûC ù~ y = x2, ùZùa dy

dx
x 2

Gaõ d y

dx

d

dx
x

d x

dx

2

2
2 2 2 1 2     ( )

( )

 
d y

dx

2

2
2

(ii) cù^Keû~ûC y = x3 + 1, ùZùa
dy

dx
x 3 2  [ù~ûM ^òdc Gaõ, ]îaKe @aKkR gì^ ù~ûMê]

Gaõ d y

dx

d

dx
x x x

2

2
23 3 2 6   ( )

 
d y

dx
x

2

2
6
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(iii) cù^Keû~ûC y = (x2+1) (x–1), ùZùa
dy

dx
x

d

dx
x x

d

dx
x       ( ) ( ) ( ) ( )2 21 1 1 1

= (x2+1)1 + (x–1)2x = aû dy

dx
x x x x x      2 2 21 2 2 3 2 1

Gaõ d y

dx

d

dx
x x x

2

2
23 2 1 6 2    ( )

  
d y

dx
x

2

2
6 2

(iv) cù^Keû~ûC y
x

x




1

1
,  ùZùa

dy

dx

x x

x x

    






( ) ( )

( ) ( )

1 1 1 1

1

2

12 2

Gaõ
d y

dx

d

dx x x x

2

2 2 3 3

2

1
2 2

1

1

4

1





L
NM
O
QP
   



( ) ( ) ( )

 


d y

dx x

2

2 3

4

1( )

@ûi ̂ òùR ̂ òRKê _eLôaû  21.7

^òcÜiÚ _âùZýK `k^e \ßòZúd @Wðe @aKkR ^ò‰ðd Ke :
(a) x3 (b) x4 + 3x3 + 9x2 + 10x + 1

(c)
x

x

2 1

1




(d) x2 1

@ûùc ~ûjû gòLôùf :
 `k^ f(x)e x iûù_l @aKkRKê ^òcÜcùZ iõmûKéZ Keû~ûG

f x
f x x f x

x
x

x
 

 



( ) lim

( ) ( )
,







0

0

 GK ]îaKe @aKkR ùjCQò gì^, @[ðûZþ dc

dx
 0, ù~CñVò c GK ]îaK

 ^òCU^þu NûZ ^òdc
d

dx
x n xn n( )  1
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 RýûcòZòK eì_ùe, aò¦ê P (x, y) Vûùe, y = f(x)e @aKkR dy

dx
 ùjCQò y = f(x)e aKâ

C_eòiÚ P aò¦êVûùe @uòZ ÆgðK ùeLûe @û^Zò ö
 ye x iûù_l @aKkR ùjCQò ye ZûZþlûYòK x iûù_l _eòa�ð^e jûe ö

 ~\ò f(x) GK @aKk^úd `k^ Gaõ c GK ]îaK, ùZùa d

dx
cf x cf x[ ( )] ( ),   ù~CñVò

f(x) iùuZ f(x)e @aKkRKê iìPûG ö
 "`k^e ù~ûM`k aû aòùdûM`k ^òdc' :

d

dx
f x g x

d

dx
f x

d

dx
g x[ ( ) ( )] [ ( )] [ ( )]  

\êAUò `k^e ù~ûM`k aû aòùdûM`ke @aKkR ùjCQò ~[ûKâùc Cq `k^ \êAUòe
@aKkRe ù~ûM`k aû aòùdûM`k ö

 MêY`k ^òdc : d

dx
f x g x f x

d

dx
g x g x

d

dx
f x[ ( ) ( )] ( ) ( ) ( ) ( )  

=(_â[c `k^ ( d

dx
 \ßòZúd `k^)) + (\ßòZúd `k^) ( d

dx
_â[c `k^)

 bûM`k ^òdc : ~\ò ( )
( )

( )
, ( ) ,x

f x

g x
g x  0  ùZùa

 
  

( )
( ) ( ) ( ) ( )

[ ( )]
x

g x f x f x g x

g x 2



F
HG
I
KJ 
F
HG
I
KJ( ) ( ) ( )

( )

je fa fa je

je

d
dx

d
dx

2

 gévk ^òdc :
d

dx
f g x f g x

d

dx
g x[ { ( )}] [ ( )] [ ( )]  

f(x)e g(x) iûù_l @aKkR g(x)e x iûù_l @aKkR
 ye xiûù_l \ßòZúd @Wðe @aKkR ùjCQò

d

dx

dy

dx

d y

dx

F
HG
I
KJ 

2

2

ijûdK ùIßaþ iûAUþ
 http://www.wikipedia.org

 http://mathworld.wolfram.com
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_ûV ùgh @býûi Kû~ðý
1. ùMûUòG Kûe t ùiùKŠ icdùe @ZòKâc Keò[ôaû \ìeZû s còUeKê i´§ s = t2 cû¤cùe

_âKûg Keû~ûAQò ö ^ò‰ðd Ke :
(a) icd t iûù_l, \ìeZûe _eòa�ð^e jûe ö (b) t = 3 ùiùKŠ icdùe Kûee ùaM ö

2. \� @Qò f(t) = 3 – 4t2 ùWfÖû _¡Zò aýajûe Keò f(t), f  FHG
I
KJ

1

3
^ò‰ðd Ke ö

3. _â[c iò¡û« _¡Zò aýajûe Keò f(x) = x4e @aKkR ^ò‰ðd Ke ö _âû¯ `keê f(0),

f  FHG
I
KJ

1

2
 ^ò‰ðd Ke :

4. _â[c iò¡û« _¡Zò \ßûeû `k^ 2 1x  e @aKkR ^ò‰ðd Ke ö
5. _â[c iò¡û« _¡Zò\ßûeû ^òcÜiÚ _âùZýK `k^e @aKkR ^ò‰ðd Ke :

(a) ax + b ù~CñVò a I b ùMûUòG ùMûUòG ]îaK ö (b) 2x2 + 5
(c) x3 + 3x2 + 5 (d) (x–1)2

6. ^òcÜiÚ _âùZýK `k^e @aKkR ^ò‰ðd Ke :
(a) f(x) = px4 + qx2 + 7x – 11 (b) f(x) = x3 – 3x2 + 5x – 8

(c) f x x
x

( )  
1

(d) f x
x a

a
a( ) ,





2

2
2

7. ^òcÜiÚ _âùZýK `k^e @aKkR \êAUò _¡Zò aýajûe Keò ^ò‰ðd Ke, _â[ùc MêY^ ^òdc
\ßûeû Gaõ _ùe MêY^Kê aòÉûe Keò (@[ðûZþ iek Keò) ö _eúlû Keò ù\L ù~ \êAUò~ûK
C�e icû^ ùjûAQò ö

(a) y x
x

 FHG
I
KJ1

1
(b) y x x

x
  F
HG

I
KJ

3
2 2 5

1

8. ^òcÜiÚ _âùZýK `k^e @aKkR ^ò‰ðd Ke :

(a) f x
x

x
( ) 

2 1
(b) f x

x x
( )

( )




3

1

10
2 3 (c) f x

x
( )

( )


1

1 4

(d) f x
x x

x
( )

( ) ( )

 1 2

(e) f x
x x

x
( ) 

 3 4 52

(f) f x
x

x
( ) 

 4

2

(g) f x
x x

x
( )

( )( )


 2

2

1 2

9. gévk ^òdc aýajûe Keò ^òcÜiÚ _âùZýK `k^e @aKkR ^ò‰ðd Ke :

(a) x
x

FHG
I
KJ

1
2

(b)
1

1




x

x
(c) x x2 23 3( )

10. ^òcÜiÚ _âùZýK `k^e \ßòZúd @Wðe @aKkR ^ò‰ðd Ke :
(a) x 1 (b) x x 1



cWêýf-V
`k^

Uò®Yú

248

@aKk^

C�e cûkû

@ûi ò̂ùR ò̂RKê _eLôaû 21.1

1. (a)3 (b) 8 (c) 6 (d) 31

2. 3640 ùiùKŠ _âZò cò. 3.21 ùiùKŠ _âZò cò.

@ûi ò̂ùR ò̂RKê _eLôaû 21.2

1. (a) 10 (b) 2 (c) 6x (d) 2x + 5 (e) 21x2

2. (a)
1
2x

(b) 
1

2ax
(c) 1

1
2


x

(d)


a

ax b( )2 (e)
ad bc

cx d


( )2

(f)  
1

3 5 2( )x

3. (a)
1

2x x
(b)



 

a

ax b ax b2( ) d i (c)
1

2
1

1

x x
FHG
I
KJ

(d)
2

1 2( ) x

4. (a)
3

2

3

2 2x
; (b) 2r; 4 (c) 2r2; 36

@ûi ò̂ùR ò̂RKê _eLôaû 21.3

1. (a) 0 (b) 12 (c) 12
2. (a) 180x8 + 5 (b) –200x3 – 40x (c) 12x2 – 12x

(d) 5x8 + 3 (e) 3x2 – 6x + 3 (f) x7 – x5 + x3

(g)
4

15

4

5
6

1

3

9

5 3x x x



  (h)

1

2

1

2
3
2

x
x



3. (a) 16, 16, 16 (b) 3, 1, 1
(c) 186 (d) 4r2, 16

@ûi ò̂ùR ò̂RKê _eLôaû 21.4

1. (a) 12x–19 (b) –6x – 5 (c) 4x – 11
(d) 2x – 3 (e) 8x3 + 9x2 + 16x (f) 30x2 + 2x – 19
(g) 5x4 – 16x3 + 15x2 – 4x + 8

2. (a) –4r3 + 3(–1)r2 + 2r

(b) 3x2 – 12x + 11



Uò®Yú

cWêýf-V
`k^

249

@aKk^

(c) 9x8 – 28x7 + 14x6 – 12x5 – 5x4 + 44x3 – 6x2 + 4x

(d) (5x–1) (3x2 + 9x + 8)6x + 5(3x2 + 7) (3x2 + 9x + 8) + (3x2 + 7) (5x – 1) (6x + 9)

@ûi ò̂ùR ò̂RKê _eLôaû 21.5

1. (a)


10

5 7 2( )x
(b)
  
 

3 4 1

1

2

2 2

x x

x x( )
(c)

dx

x( )2 21

(d)
2 12

3

5 3

2 2

x x

x


( )

(e)
 2 124

7

x

x
(f)

1

1

2

2 2


 

x

x x( )
  (g)

4 5

2 4

3

3 2



x

x x( )

2. (a)
2 6 6

2

3 2

2

x x

x

 
( )

(b)
  
 

4 20 22

3 4

2

2 2

x x

x x( ) ( )

(c) –34x(1–x2)16 (d)



5

7
3 4( )x

(e) –(2x+3) (x2+3x+1)–2 (f)
10

3
12

2
3x

x( )

(g) 3 7 3 2
3

2x x( )


(h) 5 2
6 2

1

16
5 3

6 4 4

( )x x
x x

  
F
HG

I
KJ

(i) –4(4x + 5) (2x2 + 5x – 3)–5 (j) 1
82




x

x

2. (a)
 
 
5 1

1 2

2

2 2

( )

( )

x

x x
(b)

x

a2

@ûi ò̂ùR ò̂RKê _eLôaû 21.6

1. (a) 35 (5x – 6) (b) 210 x (3x2 – 15)34

@ûi ò̂ùR ò̂RKê _eLôaû 21.7

1. (a) 6x (b) 12x2 + 18x + 18 (c)
4

1 3( )x  (d)

1

1 2
3
2( ) x

_ûVùgh / @býûi Kû~ðý
1. (a)2t (b) 6 ùiùKŠ

2.  8
8

3
t, 3. 0

1

2
,


4.
1

2 1x 
5. (a) a (b) 4x (c) 3x2 + 6x (d)2(x–1)
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6. (a) 4px3 + 2qx + 7 (b) 3x2 – 6x + 5

(c)1
1
2


x

(d)
2

2

x

a 

7. (a)
1

2 x
(b) 3

25

2

1

2
x x

x
  

8. (a)
 


( )

( )

x

x

2

2 2

1

1
(b)





6

1

30
3 4( )x x

(c)


4

1

3

4 2

x

x( )
(d)

3

2

1

2

1
3 2

x
x x

 
/

(e) 3
5
2


x

(f)
1

4

1

x x x


(g) 3 2
1 42
2 3

x
x x

  

9. (a) 1
1
2


x

(b)
1

1 1
3
2  x x( )

(c)
4 6

3 3

3

4 2
2
3

x x

x x



( )

10. (a)




1

4 1
3
2( )x

(b)
2

4 1

2

1
2

 



x x

x( )


