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19

ùMûUòG ZòâbêRe aûjê I ùKûY c¤ùe i´§

_ìað _ûVùe @ûùc aûÉa iõLýûe ZâòùKûYcòZòK ̀ k^, ùicû^u c¤ùe iµKð, ̀ k^MêWÿòKe ùfLPòZâ,
ùicû^ue ùfLPòZâe aòùghZß i´§ùe _Xÿòaû iùw iùw, aûÉa iõLýûe ù~ûM I aòùdûMe ZâòùKûYcòZòK
`k^, MêYòZK I aòbûRòZ aûÉa iõLýûe ZâòùKûYcòZòK `k^ i´§ùe c¤ _XÿòQê ö @ûjêeò c¤ @ûùc
_âZòùfûc ZâòùKûYcòZòK `k^ I ùicû^ue aòbò^Ü ]cð i´§ùe _Xÿòaû _ùe ùi iµKðòZ _âgÜcû^ue
icû]û^ KeòQê ö
Gjò _ûVùe @ûùc ZâòbêRe aûjê I ùKûY c¤ùe [ôaû iµKð RûYòaû ij ZâòbêRe \� cû_Kê aýajûe Keò
@mûZ cû_Kê ^ò‰ðd Keòaûe _¡Zò RûYòaê ö

CùŸgý
Gjò _ûVUò _Xÿòiûeòaû _ùe, Zêùc

 sine I cosine iìZâe aêý_ô�ò Keò_ûeòa,
 C_ùeûq iìZâ _âùdûM Keò _âgÜ icû]û^ Keò_ûeòa;

_âZýûgòZ _ìaðmû^
 ZâòùKûYcòZòK I _âZòùfûc ZâòùKûYcòZòK `k^;
 aûÉa iõLýûe ù~ûM I aòùdûMe ZâòùKûYcòZòK `k^e iìZâ
 MêYòZK I aòbûRòZ aûÉa iõLýûe ZâòùKûYcòZòK `k^ ö

19.1 sine iìZâ
ABCe gúhð A, B I C Vûùe [ôaû ùKûYMêWÿòK ~[ûKâùc A, B I C iùuZ \ßûeû Gaõ

_ìùaðûq gúhðMêWÿòKe aò_eúZ aûjêMêWÿòKê ~[ûKâùc a, b I c iùuZ \ßûeû iìPòZ Keû~ûAQò ö ùijò ùKûY
Zòù^ûUò I aûjê Zòù^ûUòKê ZâòbêRe Q@ ùMûUò C_û\û^ ùaûfò Kêjû~ûG ö
`kû`k 1 : _âcûY Ke, ù~ùKøYiò ZâòbêRe aûjêZâde ù\÷Nðý, ùicû^u i¹êLú^ ùKûYcû^ue sine
ij icû^ê_ûZú ö



cWêýf-IV
`k^

Uò®Yú

160

ùMûUòG ZòâbêRe aûjê I ùKûY c¤ùe i´§

@[ðûZþ
a

A

b

B

c

Csin sin sin
 

_âcûY : PòZâ 19.1ùe ABCDùe [(i), (ii), (iii) ùe], BC = a, CA = b Gaõ AB = c; _ê^aðûe
C (i)ùe C iìlàùKûY, (ii)ùe GK icùKûY Gaõ (iii)ùe C GK iÚìkùKûY ö

BC _âZò (aû @ûagýK iÚùk a¡òðZ BC _âZò) f´ AD @u^ Ke ö

ABD ùe, AD

AB
B sin

aû, AD

c
B AD c B  sin sin ... (i)

ADCùe, AD

AC
C sin [PòZâ 19.1(i) ùe]

aû, AD

b
C AD b C  sin sin ... (ii)

PòZâ 19.1 (ii)ùe, AD = AC [ GVûùe AC BC Gaõ @u^ @^ê~ûdú AD  BC]

 
AD

AC
1

 
AD

b
sin

2

 
AD

b
Csin  [ GVûùe  C


2

]

AD = b sin C

PòZâ 19.1(iii)ùe, AD

AC
C sin ( )  aû AD = b sin C

GYê Zòù^ûUò~ûK PòZâùe, AD = b sin C

Cqò (i) I (ii) eê @ûùc _ûAùf c sin B = b sin C

 
b

B

c

Csin sin ... (iii)

C gúhðeê AB _âZò f´ @u^ Keò @ûùc _ìað_eò _âcûY Keò_ûeòaû ù~

PòZâ 19.1

A

c b

C
D

B

a

(i)

A

b

C
a

B

(ii) (iii)

c

A

CCaB

c
b

18
0

0 C
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a

A

b

Bsin sin
 ... (iv)

Cqò (iii) I (iv) eê _ûAaû,
a

A

b

B

c

Csin sin sin
   ... (A)

(A)ùe \ò@û~ûA[ôaû iìZâKê sine iìZâ Kêjû~ûG ö
(A) ùe [ôaû iìZâKê c¤ ^òcÜcùZ ùfLû~ûA_ûùe

sin sin sinA

a

B

b

C

c
  ... (A)

ùMûUòG ZòâbêRe ùKùZK cû_ \�[ôùf, @ûùc (A) aû (A)ùe _â\� iìZâ aýajûe Keò @mûZ
ùKûY Gaõ aûjê MêWÿòKe cû_ ^ò‰ðd Keò_ûeòaû ö

@ûi KòQò C\ûjeY icû]û^ Keòaû ö
C\ûjeY 19.1

sine iìZâ aýajûe Keò _âcûY Ke ù~ a
B C

b c
A

cos ( ) sin

 

2 2

icû]û^ : \lòY_ûgßð  ( ) sinb c
A

2

@ûùc RûYê
a

A

b

B

c

C
k

sin sin sin
    (cù^Keû~ûC)

a = k sin A, b = k sin B, c = k sin C

GYê \lòY _ûgßð  ( sin sin ) sink B k C
A

2

 k C C
A

(sin sin ) sin
2

 




k

B C B C A
2

2 2 2
sin cos sin

a�ðcû^ B C A
 

2
90

2
0

[ ]A B C   



 FHG

I
KJ


sin sin sin cos

B C A B C A

2
90

2 2 2
0

a�ðcû^ \lòY_ûgßð   
2

2 2 2
k

A B C A
cos cos sin

 


k A
B C

sin cos
2



a

B C
cos

2
aûc_ûgßð
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C\ûjeY 19.2

sine iìZâ _âùdûM Keò _âcûY Ke :

a C B b c
A

(cos cos ) ( ) cos   2
2

2

icû]û^ : @ûùc RûYê
a

A

b

B

c

C
k

sin sin sin
    (cù^Keû~ûC)

a = k sin A, b = k sin B, c = k sin C

 \lòY_ûgßð   2
2

2k B C
A

(sin sin ) cos

 




2 2

2 2 2
2k

B C B C A
cos sin cos

 

4

2 2 2
2k

A B C A
sin sin cos



2

2 2
a

B C A
sin cos






2

2 2
a

B C B C
sin sin

= a(cos C – cos B) = aûc_ûgßð
C\ûjeY 19.3

ù~ùKøYiò ZâòbêRùe, _âcûY Ke ù~
a sin A – b sin B = c sin (A–B)

icû]û^ : @ûùc RûYê
a

A

b

B

c

C
k

sin sin sin
    (cù^Keû~ûC)

aûc_ûgßð = k sin A sin A – k sin B sin B
= k[sin2A – sin2B]

= k sin (A+B)sin (A–B)
A + B = – C sin (A+B) = sin (–C) sin (A+B) = sin C

 aûc_ûgßð = k sin Csin (A–B)
= c sin (A–B) = \lòY_ûgßð

C\ûjeY 19.4

ù~ùKøYiò ZâòbêRùe, _âcûY Ke ù~
a(b sin C – c cos B) = b2 – c2
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icû]û^ : @ûùc RûYê
a

A

b

B

c

C
k

sin sin sin
    (cù^Keû~ûC)

aûc_ûgßð = k isn A (k sin Bcos C – k sin Ccos B)

= k2sin A[sin (B–C)]
= k2sin(B+C)sin(B–C) [  sin A = sin (B+C)]

= k2(sin2B–sin2C)

= k2 sin2B – k2 sin2C

= b2 – c2 = \lòY_ûgßð

@ûi ̂ òùR ̂ òRKê _eLôaû19.1

1. sine–iìZâ aýajûe Keò ^òcÜ Cqòcû^ue iZýZû _âZò_û\^ Ke ?

(i)
tan

tan

A B

A B
a b

a b








2

2

(ii) b cos B + c cos C = a cos (B–C)

(iii) a
B C

b c
A

sin ( ) cos

 

2 2
(iv)

b c

b c

B C B C







tan cot

2 2

(v) a cos A + b cos B + c cos C = 2a sin B sin C

2. ùMûUòG ZâòbêRùe a

A

b

Bcos cos
  ùjùf, _âcûY Ke ù~ ZâòbêRUò ic\ßòaûjê ZâòbêR ö

19.2  cosineiìZâ
`kû`k 2 : ù~ùKøYiò ZâòbêRùe _âcûY Ke ù~

(i) cosA
b c a

bc


 2 2 2

2
 (ii) cosB

c a b

ca


 2 2 2

2
(iii) cosC

a b c

ab


 2 2 2

2

_âcûY :

PòZâ 19.2

A

c

D
B

b

C

a

(i)

A

c

(C,D)B

b

a

(ii)
(iii)

A

DCa
B

c
b

18
00

–C
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^òcÜ _eòiÚòZò cû^ C_êRò[ûG :
(i) ù~ùZùaùk C iìlàùKûY (ii) ù~ùZùaùk C GK icùKûY

(iii) ù~ùZùaùk C iÚìkùKûY
Gjò _eòiÚòZò MêWÿòKê ùMûUò ùMûUò Keò ù^A @ûùfûP^û Keòaû ö

_â[c _eòiÚòZò : ù~ùZùaùk C iìlàùKûY

AD

AC
C AD b C  sin sin

@ûjêeò c¤ BD = BC – DC = a – bcos C  DC

b
CL

NM
O
QPcos

PòZâ 19.2(i) ùe,
c2 = (b sin C)2 + (a – b cos C)2

= b2sin2C + a2 + b2 cos2C – 2ab cos C
= a2 + b2 – 2ab cos C

 
 

cosC
a b c

ab

2 2 2

2

\ßòZúd _eòiÚòZò : ù~ùZùaùk C = 900

c2 = AD2 + BD2 = b2 + a2

  C = 900 cos C = 0

c2 = b2 + a2 – 2ab cos

cosC
b a c

ab


 2 2 2

2

ZéZúd _eòiÚòZò : ù~ùZùaùk C iÚìkùKûY

AD

AC
C C  sin ( ) sin1800

AD = b sin C

@ûjêeò c¤ BD = BC + CD = a + b cos (1800 – c)

= a – b cos C
c2 = (b sin C)2 + (a–b cos C)2

= a2 + b2 – 2ab cos C

 
 

cosC
a b c

ab

2 2 2

2



Uò®Yú

cWêýf-IV
`k^

165

ùMûUòG ZòâbêRe aûjê I ùKûY c¤ùe i´§

 Zòù^ûUò ~ûK _eòiÚòZò, cosC
a b c

ab


 2 2 2

2

_ìað_eò _âcûY Keû~ûA_ûùe ù~

cos ,cosB
c a b

ca
A

b c a

bc


 


 2 2 2 2 2 2

2 2

Gjûe _âùdûM _ûAñ @ûi KòQò C\ûjeY icû]û^ Keòaû ö

C\ûjeY 19.5

ù~ùKøYiò ZâòbêR ABC ùe, _âcûY Ke ù~

cos cos cosA

a

B

b

C

c

a b c

abc
  

 2 2 2

2

icû]û^ : @ûùc RûYê,

cos ,cos ,cosA
b c a

bc
B

c a b

ca
C

a b c

ab


 


 


 2 2 2 2 2 2 2 2 2

2 2 2

aûc_ûgßð :   

 


 b c a

abc

c a b

abc

a b c

abc

2 2 2 2 2 2 2 2

2 2 2

        
1

2
2 2 2 2 2 2 2 2 2

abc
b c a c a b a b c[ ]


 


a b c

abc

2 2 2

2
 \lòY_ûgßð

C\ûjeY 19.6

ABC ùe A = 600 ùjùf,
_âcûY Ke ù~ (a+b+c) (b+c–a) = 3bc

icû]û^ : cosA
b c a

bc


 2 2 2

2
... (i)

A A   60 60
1

2
0 0. cos cos

(i) eê còkòa 1

2 2

2 2 2
2 2 2

 
   

b c a

bc
b c a bc

aû b2 + c2 + 2bc – a2 = 3bc(b+c)2 – a2 = bc

aû (b+c+a) (b+c–a) = 3bc
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C\ûjeY 19.7

ùMûUòG ZâòbêRe aûjê Zòù^ûUòe ù\÷Nðý = 3 ùi.cò., 5 ùi.cò. I 7 ùi.cò. ùjùf, Gjûe aéj�c ùKûY
^ò‰ðd Ke ö
icû]û^ : GVûùe a = 3 ùi.cò., b = 5 ùi.cò. I c = 7 ùi.cò. ö @ûùc RûYê ù~ GK ZâòbêRe aéj�c
aûjêe i¹êLú^ ùKûY ùjCQò aéj�c ö

C ùjCQò aéj�c ùKûY

 
 


 



 cosC

a b c

ab

2 2 2

2

9 25 49

30

15

30

1

2

 cos    
1

2

2

3
C



 ZâòbêRe aéj�c ùKûY ùjCQò 2

3

  aû 1200 ö

C\ûjeY 19.8

ABC ùe A = 600 ùjùf, _âcûY Ke : b

c a

c

a b


 1

icû]û^ : cosA
b c a

bc


 2 2 2

2

 
 

 
 

cos60
2

1

2 2
0

2 2 2 2 2 2b c a

b

b c a

bc

b2 + c2 – a2 = bc

aû b2 + c2 = a2 + bc                                       ... (i)

aûc_ûgßð 




b

c a

c

a b


  
 

ab b c ac

c a a b

2 2

( ) ( )


  
 


  
 

ab a bc ac

c a a b

a ab ac bc

c a a b

2 2

( )( ) ( ) ( ) [(i) @^ê~ûdú]


  
 


 
 


a a b c a b

c a a b

a c a b

a c a b

( ) ( )

( ) ( )

( ) ( )

( ) ( )
1  = \lòY_ûgßð
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@ûi ̂ òùR ̂ òRKê _eLôaû19.2

1. ù~ùKøYiò ZâòbêR ABCùe \gðû@ ù~

(i)
b c

a
A

c a

b
B

a b

c
C

2 2

2

2 2

2

2 2

2
2 2 2 0








sin sin sin

(ii) (a2–b2+c2)tan B = (b2–c2+a2)tan C = (c2–a2+b2) tan A

(iii)
k

A B C
a b c

abc2
2 2 2

2

2 2 2

(sin sin sin )  
 

ù~CñVò
a

A

b

B

c

C
k

sin sin sin
  

(iv) (b2 – c2) cot A + (c2 – a2) cot B + (a2 – b2) cot + c = 0

2. ùMûUòG ZòâbêRe aûjêMêWÿòK ùjCQ«ò, a=9 ùi.cò., b=8 ùi.cò., c=4 ùi.cò. \gðû@ ù~,
6 cos C = 4 + 3 cos B

19.3 @bòùl_ iìZâ (Projection formula)

`kû`k - 3 : ABCùe BC = a, CA = b Gaõ AB = c ùjùf,
_âcûY Ke :

(i) a = b cos C + c cos B (ii) b = c cos A + a cos C  (iii) c = a cos B + b cos A

_âcûY :

_ìað ùlZâùe ù~_eò Zòù^ûUò _eòiÚòZò [ôfû, GVûùe c¤ Zòù^ûUò _eòiÚòZò ù^A ùMûUò ùMûUò Keò
@ûùfûP^û Keû~òa ö

(i) ù~ùZùaùk C ùKûY iìlàùKûY :

ADBùe, BD

c
B BD c B  cos cos

ADBùe, BD

c
B BD c B  cos cos

ADCùe, DC

b
C DC b C  cos cos

PòZâ 19.2

A

c

D
B

b

C

a

(i)

A

c

C(D)B

b

a

(ii)
(iii)

A

DCa
B

c
b

–C
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a = BD + DC = c cos B + b cos C

a = c cos B + b cos C

(ii) ù~ùZùaùk C = 900

a BC
BC

AB
AB B C c B      cos cos 0

= c cos B + b cos 900 [  cos 900 = 0]

= c cos B + b cos C

(iii) ù~ùZùaùk C ùKûY iÚìkùKûY :

ADBùe, BD

c
B BD c B  cos cos

ADCùe, CD

b
c C   cos( ) cos

CD = –b cos C

PòZâ 19.3 (iii)ùe, BC = BD – CD

a = c cos B – (–b cos C) = c cos B + b cos C

GYê _âùZýK _eòiÚòZòùe, a = b cos C + c cos B ö
ùijò_eò @ûùc _âcûY Keò_ûeòaû ù~
b = c cos A + a cos C Gaõ c = a cos B + b cos A

@ûi C_ùeûq `kû`kKê _âùdûM Keò KòQò C\ûjeY icû]û^ Keòaû ö

C\ûjeY 19.9

ù~ùKøYiò ZâòbêR ABC ùe, _âcûY Ke ù~
(b+c) cos A + (c+a) cos B + (a+b) cos C = a+b+c

icû]û^ : aûc_ûgßð = b cos A + c cos A + c cos B + a cos B + a cos C + b cos C

= (b cos A + a cos B) + (c cos A + a cos C) + (c cos B + b cos C)

= c + b + a

= a + b + c = \lòY_ûgßð

C\ûjeY 19.10

ù~ùKøYiò ZâòbêRùe, \gðû@ ù~,
cos cos2 2 1 1

2 2 2 2

A

a

B

b a b
  

icû]û^ : aûc_ûgßð   
1 2 1 22

2

2

2

sin sinA

a

B

b
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   
1 2 1 2

2

2

2 2

2

2a

A

a b

B

b

sin sin

        L
NM

O
QP

1 1
2 2

1 1
2 2

2 2
2 2a b

k k
a b

A

a

B

b
K

sin sin

= \lòY_ûgßð

C\ûjeY 19.11

ABCùe, ~\ò a cos A = b cos B ù~CñVò a b jêG, ùZùa _âcûY Ke ù~ ABC GK
icùKûYú ZâòbêR ö
icû]û^ : a cos A = b cos B


 L
NM

O
QP

 L
NM

O
QPa

b c a

bc
b

c a b

ca

2 2 2 2 2 2

2 2

aû a2(b2+c2–a2) = b2(c2+a2–b2)

aû a2b2 + a2c2 – a4 = b2c2 + a2b2 – b4

aû c2(a2–b2) = (a2–b2) (a2+b2)

c2 = a2+b2

ABC GK icùKûYú ZâòbêR ö

C\ûjeY 19.12

ABC ùe a = 2, b = 3, c = 4 ùjùf ö
cos A, cos B I cos C ^ò‰ðd Ke :

icû]û^ :

cosA
b c a

bc


 

 
 

 
2 2 2

2

9 16 4

2 3 4

21

24

7

3

cosB
c a b

ca


 

 
 


2 2 2

2

16 4 9

2 4 2

11

16

Gaõ cosC
a b c

ab


 

 
 



 

2 2 2

2

4 9 16

2 2 3

3

12

1

4

@ûi ̂ òùR ̂ òRKê _eLôaû19.3

1. ABC ùe a = 3, b = 4 I c = 5 ùjùf, cos A, cos B I cos C ^ò‰ðd Ke ö
2. GK ZòâbêRe aûjêZâd 7 ùi.cò., 4 3  ùi.cò. I 13  ùi.cò. ùjùf, ZâòbêRe lê\âZc ùKûYUò

^ò‰ðd Ke ö
3. a : b : c = 7 : 8 : 9 ùjùf, _âcûY Ke ù~ cos A : cos B : cos C = 14 : 11 : 6
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4. ùMûUòG ZâòbêRe aûjêZâd x2 + x + 1, 2x + 1 I x2–1 jêG, _âcûY Ke ù~ Gjûe aéj�c
ùKûY ùjCQò 1200 ö

5. GK ZâòbêRùe b cos A = a cos B ùjùf, _âcûY Ke ù~ Gjû GK ic\ßòaûjê ZâòbêR ö
6. @bòùl_-iìZâeê sine-iìZâ _âZò_û\^ Ke ö

@ûùc ~ûjû gòLôùf :
ùMûUòG ZâòbêRe iµéq C_û\û^MêWÿòK \� [ôùf, @mûZ C_û\û^MêWÿòK ^ò‰ðd Keû~ûA_ûeòa ö

sine–iìZâ :
a

A

b

B

c

Csin sin sin
 

cosine iìZâ :

cosA
b c a

bc


 2 2 2

2

cosB
c a b

ca

 2 2 2

2

cosC
a b c

ab

 2 2 2

2

@bòùl_ iìZâ : A

a = b cos C + c cos B

b = C cos A + a cos C

c = a cos B + b cos A

ijûdK ùIßaþ iûAUþ
 http://www.wikipedia.org

 http://mathworld.wolfram.com

_ûV ùgh @býûi Kû~ðý
ABC ùe _âgÜ 1 eê 10 _âcûY Ke :

1. a sin (B–C) + b sin (C–A) + c sin (A–B) = 0
2. a cos A + b cos B + c cos C = 2a sin B sin C
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3.
b c

a
A

c a

b
B

a b

c
C

2 2

2

2 2

2

2 2

2
2 2 2 0


 


 


 sin sin sin

4.
c a

b c

B C A

A B C

2 2

2 2

1

1





 
 

cos cos( )

cos cos( )

5.
c b A

b c A

B

C





cos

cos

cos

cos

6.
a b C

c b A

C

A





cos

cos

sin

sin

7. ( ) tan tan cota b c
A B

c
C

  L
NM

O
QP 2 2

2
2

8. sin cos
A B a b

c

c



2 2

9. (i) b cos B + c cos C = a cos (B–C)

(ii) a cos A + b cos B = c cos (A–B)

10. b c a
B

c a
B2 2 2 2 2

2 2
   ( ) cos ( ) sin

11. GK ZâòbêRùe, b c
A

  5 6
2

1

2
, , tan  ùjùf, \gðû@ ù~ a  41

12. ù~ùKøYiò ABCe \gðû@ ù~
cos

cos

cos

cos

A

B

b a C

a b C



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C�e cûkû

@ûi ò̂ùR ò̂RKê _eLôaû 19.3

1. cosA 
4

5

cosB 
3

5

cosC  gì^
2. ZâòbêRe lê\âZc ùKûYUò 300 ö


