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14

aòùgh _âKûee ùgâYú
Special type of Serieses

cù^Ke ZêcKê _âùZýK \ò^ Gbkò bûaùe ùMûWÿò iõMâj KeòaûKê KêjûMfû, ù~_eò _â[c \ò^ ùMûUòG
ùMûWÿò iõMâj Keòa, \ßòZúd \ò^, _â[c \ò^ iõMâj Keò[ôôaû ùMûWÿò iõLýûe \êAMY iõLýK ùMûWÿò iõMâj
Keòa ö ZéZúd \ò^, \ßòZúd \ò^ iõMâj Keò[ôaû ùMûWÿòe \êAMêY iõLýK ùMûWÿò iõMâj Keòa ö  Gjò_eò
@ûùMA~òa ö _ê^½ Gjò ùMûWÿòe iõLýûKê \ò^ @^êiûùe iRûA ù fLôùf, Zêùc 1, 2, 22, 23 ... Gjò_eò
GK @^êKâc còkòa ö

_ìùaðûq @^êKâceê @ûùc GK ùgâYú _ûAaû ö C_ùeûq @^êKâce @^êeì_ ùgâYú ùja

1 + 2 + 22 + 23 + ...

GK RYûgêYû ùgâYú, ~ûjûKê `ûAùaû^ûiò ùgâYú Kêjû~ûG ö

1 + 1 + 2 + 3 + 5 + 8 + 13 + ...

Gjò @¤ûdùe @ûùc KòQò aòùgh _âKûee ùgâYúe _êvû^ê_êv @¤d^ Keòaû ö

CùŸgý
G @¤ûde @¤d^ _ùe, Zêùc

 Zêc GK ùgâYúKê iõmûKéZ Keòaûùe ic[ð ùja;

 t
n
Kê C_ù~ûM Keò n e \� cû^ _ûAñ ùgâYúe _\MêWÿòKê ^ò‰ðd Keò_ûeòa;

 @«e I MYòZúd @ûùeûjY _¡Zòe C_ù~ûM Keò

n, n2, n3 e cû^ ^ò‰ðd Keò_ûeòa;

 13 + 35 + 57 + ... _eò iek ùgâYúe cû^ ^ò‰ðd Keò_ûeòa;
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_âZýûgòZ _ìaðmû^
 ùgâYú (@^êKâc)e ]ûeYû ö
 MêùYû�e ùgâYú I icû«e ùgâYúe ]ûeYû ö
 G.P. aýajûe Keò ù_ø^ü_ê^òK \gcòK iõLýûe _eòùcd eì_ aòhdùe mû^ ö

14.1 ùgâYú (Series)

u
1
 + u

2
+ u

3
 + ... u

n
+ ...... eì_K _eò_âKûgKê GK ùgâYú Kêjû~ûG, ù~CñVò u, u

2
, u

3
, ... u

n
 iõLýûcû^ue

GK @^êKâc @ùU ö C_ùeûq ùgâYúKê u r
r

n




1
 \ßûeû iìPòZ Keû~ûG ö ~\ò n iiúc jêG, ùZùa ùgâYúKê

GK iiúc ùgâYú Kêjû~ûG, @^ý[û @iúc ùgâYú Kêjû~ûG ö Gjò_eò @ûùc ù\L«ò ù~ GK ùgâYú ùjCQò
GK Kâcùe i{òZ _\cû^ue icÁò ~ûjûKò ùKøYiò GK ^òdc \ßûeû iò¡ ö

^òcÜfòLôZ iõLýû ùiUþe aòPûe Ke :

(a) 1, 6, 11, ... (b)
1

3

1

6

1

9

1

12
, , , ,...

(c) 48, 24, 12, ... (d) 12, 22, 32, ...

(a), (b), (c), (d) @^êKâc MV^ Ke«ò, KûeY ùicûù^ (_\MêWÿòK) GK ^òdc @^êiûùe
iõ~êq ö GMêWÿòKe @^êeì_ ùgâYú MêWÿòK Gjò _âKûe @ùU ö

1 + 6 +11 +...

1

3

1

6

1

9

1

12
   ...

48 + 24 + 12 + ...

12 + 22 + 32 + ...

C\ûjeY 14.1 ^òcÜfòLôZ _âùZýK @^êKâce _â[c 6Uò _\ ùfL, ~ûjûe n Zc _\ :
(a) T

n
 = 2n+1, (b) a

n
 = n2– n + 1 (c) f

n
 = (–1)n. 5n

ZZþ_ùe Gjò @^êKâc ij ic§òZ ùgâYú ^ò‰ðd Ke ö
icû]û^ : (a) T

n
 = 2n + 1

n = 1 _ûAñ T
1
 = 21 + 1 = 3

n = 2 _ûAñ T
2
 = 22 + 1 = 5

n = 3 _ûAñ T
3
 = 23 + 1 = 7

n = 4 _ûAñ T
4
 = 24 + 1 = 9
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n = 5 _ûAñ, T
5
 = 25 + 1 = 11

n = 6 _ûAñ, T
6
 = 26 + 1 = 13

Gjò_eò, C_ùeûq @^êKâc ij i´§òZ ùgâYú : 3 + 5+ 7 + 9 + 11 + 13 + ...

(b) a
n
 = n2 –n + 1

n = 1 _ûAñ, a
1
 = 12 –1 + 1 = 1

n = 2 _ûAñ,  a
2
 = 22 –2 + 1 = 3

n = 3 _ûAñ, a
3
 = 32 –3 + 1 = 7

n = 4 _ûAñ, a
4
 = 42 –4 + 1 = 13

n = 5 _ûAñ, a
5
 = 52 –5 + 1 = 21

n = 6 _ûAñ, a
6
 = 62 –6 + 1 = 31

Gjò_eò, C_ùeûq @^êKâc ij i´§òZ ùgâYú : 1 + 3 + 7+ 13 + ...

(c) GVûùe f
n
 = (–1)n  5n

n = 1 _ûAñ, f
1
 = (–1)1  51 = –5

n = 2 _ûAñ, f
2
 = (–1)2  52 = 25

n = 3 _ûAñ, f
3
 = (–1)3  53 = –125

n = 4 _ûAñ, f
4
 = (–1)4  54 = 625

n = 5 _ûAñ, f
5
 = (–1)5  55 = – 3125

n = 6 _ûAñ, f
6
 = (–1)6  56 =  15625

@^êKâc ij i´§òZ ùgâYú :
– 5 + 25 – 125 + 625 – 3125 + 15625 – .......

C\ûjeY 14.2 ^òcÜfòLôZ _âùZýK ùgâYúe n Zc _\ùfL :
(a) – 2 + 4 – 6 + 8 – .... (b) 1 – 1 + 1 – 1 + ....

(c) 4 + 16 + 64 + 256 + ... (d) 2 3 2 5   ....

icû]û^ : (a) ùgâYú – 2 + 4 – 6 + 8 ......

GVûùe @~êMà iÚû^úd_\ MêWÿòK EYûZàK Gaõ ~êMà iÚû^úd _\MêWÿòK ]^ûZàK ö –1 + 2 –3 +
4 ..... ùgâYúKê 2 \ßûeû MêYòùf C_ùeûq ùgâYúUò _âû¯ jêG ö
T

n
 = 2 (–1)n.n = (–1)n 2n

(b) ùgâYúUò 1 –1 + 1 – 1 + 1 –....

T
n
 =  (–1)n +1
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(c) ùgâYúUò 4 + 16 + 64 + 256 + ...

C_ùeûq ùgâYú ^òcÜ cùZ ùfLû~ûA _ûùe

4 + 42 + 43 + 44 + ....

@[ðûZþ, n Zc _\, T
n
 = 4 n

(d) ùgâYúUò 2 3 2 5   ....

@[ðûZþ, 2 3 4 5   ....

n Zc _\ T
n
 = n 1

@ûi ̂ òùR ̂ òRKê _eLôaû14.4

1. ^òcÜfòLôZ _âùZýK ùgâYúe _â[c nUò _\ ùfL, ~ûjûe nZc _\ :

(a) T
n n n

n 
 ( )( )1 2

6
(b) a

n

nn 



2 1

2 3

2. ~\ò A
1
 = 1 I A

2
 = 2, A

6
 ^ò‰ðd Ke ~\ò A

A

A
nn

n

n

 



1

2

2( )

3. ^òcÜfòLôZ _âùZýK ùgâYúe n Zc _\ ùfL

(a) –1 +
1

2

1

3

1

4
  .... (b) 3 – 6 + 9 – 12 + ....

14.2 _â[c n iõLýK ÊûbûaòK iõLýûe NûZ cû^ue ù~ûM (Sum of the
powers of first n Natural numbers)

(a) _â[c n iõLýK ÊûbûaòK iõLýûe ùgâYú ùjCQò

1 + 2 + 3 + 4 ...... + n

cù^Ke S
n
 = 1 + 2 + 3 + 4 + .... + n

Gjû GK icû«e ùgâYú ~ûjûe _â[c _\ 1, iû]ûeY @«e 1 I _\ iõLýû n @ùU ö

        S
n

n
n

nn 2
2 1 1 1

2
2 1( )

@[ûðZþ, S
n n

n 
( )1

2
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@ûùc ùfLô_ûeòaû ù~ n
n n


( )1

2

(b) _â[c n iõLýK ÊûbûaòK iõLýûe aMð cû^ue icÁò ^ò‰ðd Keòaû ö

cù^Ke S
n
 = 12 + 22 + 32 + ... + n2

@ùb\ n3 – (n –1)3 = 3n2 – 3n + 1 Kê aòPûe Ke

n = 1, 2, 3, ..., n –1, n @û\ò cû^ eLôùf, @ûùc _ûAaû

13 – 03 = 312 – 31 + 1

23 – 13 = 322 – 32 + 1

33 – 22 = 332 – 33 + 1

n3 – (n –1)3 = 3n2 – 3n + 1

GMêWÿòKê ù~ûM Kùf _ûAaû

n3 – 03 = 3 (12 + 22 + 32 + ... n2) – 3 (1 + 2 + 3 + ... + n) + (1 + 1 + 1 +... n [e)

Kò´û, n S
n n

n n
n n

n
3 3 3

1

2

1

2
 

L
NM
O
QP  

L
NM

O
QP

( )
...

( )

Kò´û, 3
3 1

2
3S n

n n
nn  




( )

   n n
n

n( ) ( )2 1
3

2
1

   FHG
I
KJn n n( )1 1

3

2


 n n n( ) ( )1 2 1

2

 
 

S
n n n

n

( ) ( )1 2 1

6

@[ðûZþ, n
n n n2 1 2 1

6


 ( ) ( )

(c) _â[c n iõLýK ÊûbûaòK iõLýûe N^e icÁò ^òeì_Y Ke ö

ù~CñVò S
n
 = 13 + 23 + 33 + ... + n3
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@ùb\ n4 – (n – 1)4 = 4n3 – 6n2 + 4n – 1 e aòPûe Ke

n iÚû^ùe 1, 2, 3 @û\ò eLôùf @ûùc _ûAaû :

14 – 04 = 413 – 612 + 41 – 1

24 – 14 = 423 – 622 + 42 – 1

34 – 24 = 433 – 632 + 43 – 1

n4 – (n –1)4 = 4n3 – 6n2 + 4n – 1

GMêWÿòKê ù~ûM Kùf, _ûAaû

n4 – 04 = 4 (13 + 23+ ... + n3) – 6 (12 + 22 + ... n2)

+4 (1 + 2 + 3 + ... + n) – (1 + 1 + ... n [e)

   
 L

NM
O
QP 


n S

n n n
n

n
nn

4 4 6
1 2 1

6
4

1

2

( ) ( )

       4 1 2 1 2 14S n n n n n n nn ( ) ( ) ( )

= n4 + n (2n2 + 3n + 1) – 2n2 – 2n + n

= n4 + 2n3 + 3n2 + n – 2n2 – 2n + n

= n4 + 2n3 + n2

= n2 (n2 + 2n + 1)

@[ðûZþ, 4S
n
 = n2 (n + 1)2

 



RST
UVWS

n n n n
n

2 2 2
1

4

1

2

( ) ( )

 
L

NM
O
QPn

n n3
2

1

2

( )

Kò´û  n n3 2 b g
UúKû : _âgÜùe ùKøYiò ùgâYúe ù~ûM`k ̂ ò‰ðd Keòaû _ûAñ [ôùf, _â[ùc @ûùc ùgâYúe n Zc _\
^ò‰ðd Keòaû Gaõ Gjû_ùe S

n
 = t

n
 e C_ù~ûM Keòaû ö

C\ûjeY 14.3 ùgâYú 13 + 35 + 57 + ... e _â[c n ùMûUò _\e icÁò ^ò‰ðd Ke ö
icû]û^ : cù^Ke S

n
 = 13 + 35 + 57 + ...
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ùgâYúe n Zc _\

t
n
 = {1, 3, 5, ...e n Zc _\}  {3, 5, 7, ...e n Zc _\}

= (2n – 1) (2n + 1)

= 4n2 – 1

S
n
 = t

n

=  [4n2 – 1]

= 4n2 –  (1)


 

4
1 2 1

6

n n n
n

( ) ( )...


  2 1 2 1 3

3

n n n n( ) ( )

   
n

n n
3

2 2 3 1 32( )

  
n

n n
3

4 6 12

C\ûjeY 14.4 122 + 232 + 342 ùgâYúe _â[c n Uò _\e icÁò ^ò‰ðd Ke ö

icû]û^ : GVûùe t
n
 = n {2 + (n –1)}2

= n (n + 1)2 = n(n2 + 2n + 1)

@[ðûZþ, t
n
 = n3 + 2n2 + n

cù^Ke S
n
 = 122 + 232 + 342 + ... + n (n + 1)2

S
n
 = t

n
 =  (n3 + 2n2 + n)

= n3 + 2n2 + n


RST
UVW

 L
NM

O
QP 

n n n n n n n( ) ( ) ( ) ( )1

2
2

1 2 1

6

1

2

2

 




L

NM
O
QPn n

n n n
( )

( )
1

1

4

2 1

3

1

2
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


 
n n

n n
( )

( )
1

12
3 11 102

   
1

12
1 2 3 5n n n n( ) ( ) ( )

C\ûjeY 14.5 ùgâYú 23  5 + 357 + 47 9 + ... e _â[c n Uò _\e icÁò ̂ ò‰ðd Ke ö

icû]û^ : cù^Ke S
n
 = 235 + 357 + 479 + ... ùgâYúe n Zc _\

t
n
 = {2, 3, 4, ... e Zc _\} {3, 5, 7, ...n e Zc _\} {5, 7, 9, ... e n Zc _\}

= (n + 1) (2n + 1) (2n + 5)

= (n + 1) [4n2 + 8n + 3]

= 4n3 + 12n2 + 11n + 3

S
n
 = t

n
 =  [4n3 + 12n2 + 11n + 3]

= 4n3 + 12n2 + 11n + (3)





 



4

1

4

12 1 2 1

6

11 1

2
3

2 2n n n n n n n
n

( ) ( ) ( ) ( )

     

n n n n n

n n
n2 21 2 1 2 1

11 1

2
3( ) ( ) ( )

( )

       
n

n n n n n
2

2 1 4 1 2 1 11 1 62( ) ( )( ) ( )

       
n

n n n n n n
2

2 2 1 4 2 3 1 11 172 2[ ( ) ( ) ]

   
n

n n n
2

2 12 25 213 2[ ]

C\ûjeY 14.6 ^òcÜfòLôZ ùgâYúe _â[c n Uò _\e icÁò ^ò‰ðd Ke ö

1

1 3

1

3 5

1

5 7




...

icû]û^ : t
n nn   

1

2 1 2 1( ) ( )






F
HG

I
KJ

1

2

1

2 1

1

2 1n n
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n _ûAñ 1, 2, 3, ... ~[ûKâùc eLôùf

t1

1

2
1

1

3
 LNM
O
QP

t2

1

2

1

3

1

5
 LNM

O
QP

t3

1

2

1

5

1

7
 LNM

O
QP

.......................

t
n nn  




L
NM

O
QP

1

2

1

2 1

1

2 1

ù~ûM Kùf, _ûAaû t t t
n

n

nn1 2

1

2
1

1

2 1 2 1
    


L
NM

O
QP  

...
( )

@ûi ̂ òùR ̂ òRKê _eLôaû14.2

1. ^òcÜfòLôZ _âùZýK ùgâYúe _â[c n Uò _\e icÁò ^ò‰ðd Ke ö
(a) 1 + (1 + 3) + (1 + 3 + 5) + ...

(b)
1

1 4

1

4 7

1

7 10




...

(c) (1) + (1 + 3) + (1 + 3 + 32) + (1 + 3 + 32 + 33) + ...

2. ù~Cñ ùgâYúe nZc _\ n (n + 1) (n + 4) @ùU, ùi ùgâYúe n Uò _\e icÁò ̂ ò‰ðd Ke ö
3. ^òcÜfòLôZ ùgâYú n Uò _\e icÁò ^ò‰ðd Ke :

123 + 234 + 345 + ...

@ûùc ~ûjû gòLôùf :

 u
1
 + u

2
 + u

3
 + ... + u

n
 + ... eì_K _eò_âKûgKê ùgâYú Kêjû~òa

~\ò u, u
2
, u

3
, ... u

n
, iõLýûcû^ue GK @^êKâc @ùU ö

 r
n n

r

n





 ( )1

21
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 r
n n n

r

n
2

1

1 2 1

6


 


 ( ) ( )

 r
n n

r

n
3

2

1

1

2


RST
UVW

 ( )

 S tn n 

ijûdK ùIßaþ iûAUþ
 http://www.wikipedia.org

 http://mathworld.wolfram.com

_ûV ùgh @býûi Kû~ðý

1. ^òcÜfòLôZ _âùZýK ùgâYúe icÁò ^ò‰ðd Ke ö
(a) 2 + 4 + 6 + ... 40 Uò _\ _~ðý« ö
(b) 2 + 6 + 18 + ... 6 Uò _\ _~ðý« ö

2. ^òcÜfòLôZ _âùZýK ùgâYúe n Uò _\ _~ðý« icÁò ^ò‰ðd Ke :
(a) 1 + 3 + 7 + 15 + 31 + ...

(b)
1

135

1

357

1

579
   + ....

(c)
3

1 4

5

4 9

7

9 16

9

16 25






...

3. ùgâYú 12 + 32 + 52 + ... e _â[c n Uò _\e icÁò ^ò‰ðd Ke :
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